
Long Question: T-11

“Mass of the Local Group Galaxy”

18/11/2017 21:33 |   Page 1



Local Group timing argument:

The most widely accepted interpretation of the negative velocity of M31 

was first introduced by Kahn and Woltjer (1959). They assumed that the 

Milky Way and M31 system has negative energy, that means it is held 

together by gravitational forces. 

Today, the argument of Kahn and Woltjer is considered as a proof for either 

the existence of large Dark Matter(DM) halos surrounding M31 and the 

Milky Way or (at least) a large common DM super halo pervading the 

Local Group. 

They deduced, with a simple order of magnitude argument, that the 

effective mass was larger than 1.8 × 1012 M⊙ about six times larger than 

the reduced mass of M31 and the Milky Way

Motivation 
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T-11, Mass of the Local Group Galaxy

The basic idea is that galaxies currently in a binary system were 

at approximately the same point in space shortly after the big 

bang. Besides, mass of the local group is dominated by mass of 

Milky Way (MW) and M31. 

We can measure the radial velocity of M31 with respect to MW 

via Doppler shifts of the spectral lines being found to be  -118 

km/s.

The negative sign means that M31 is moving towards MW. This 

may be surprising, given that most galaxies are moving apart with 

the general Hubble flow. 

Introduction to the problem 
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Objectives:
To estimate the mass of the Local Group Galaxy from 

the dynamics of Milky Way - Andromeda System(M31)
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In courtesy of T.J Cox (Harvard Smithsonian)
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In order to get the mass of LG:

- First we consider a non-rotating isolated system of two 

gravitating point masses m1 , m2 (as observed by an inertial 

observer at the centre of mass). 

We express the total mechanical energy (E) of this system in a 

mathematical form connecting m1, m2, r1, r2,  𝑟1,  𝑟2, .    and the 

universal gravitational constant G where  𝑟1,  𝑟2, are radial 

velocities of m1, m2 respectively. 

𝑣𝑟1 , 𝑣𝑟1
𝑣𝑟1 , 𝑣𝑟1
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The total energy (E) is a negative quantity, therefore

-----------(1) 

𝑚1𝑟1 = 𝑚2𝑟2, 𝑟 = 𝑟1 + 𝑟2 and we have

-----------(2) 

7 
 

Find 0r in terms of , M , G  and E.      [2.5] 

  

d) The solution of the equation in c) is given here in a parametric form under the 

initial condition 0r  at 0t : 

0( ) 1 cos ,  
2

r
r  

1
3 2
0( ) sin ,  

8

r
t

GM
 

where  is in radians.          

What is the maximum value of r ? (Designate this value by maxr for later 

reference)          [5] 

 

e) From the parametric equations given in d) find the expression for 
rt

r
 in terms of  

(including sin , cos ) alone.       [10] 

 

f) If we identify 1m , 2m  with the Milky-Way Galaxy and Andromeda Galaxy 

respectively, the present value of r  is 
1188 kms  by Doppler effect 

measurement, 710 kpcr , and t  may be taken to be the age of the Universe 

(
613700 10  years ). 

Solve numerically for the value of  in e).     [15] 

 

g) Use the value of  in f) to obtain the value of maxr . 

Hence obtain also the value of M  in solar masses (
301.9891 10  kgM ). [10] 

 

SOLUTION 

a) 
2 2 1 2

1 1 2 2
1 2

1 1
 .

2 2

Gm m
m r m r E

r r
     ----------------(1) 

Note that the total energy is negative quantity.  

 

b) From 1 1 2 2 m r m r  and 1 2 ,r r r  we have  

2
1

1 2

 ,
m

r r
m m

 1
2

1 2

 .
m

r r
m m

    ----------------(2) 

Substituting (2) into (1): 

Substituting (2) into (1), then we get:

1

2
𝑚1𝑣𝑟1

2 +
1

2
𝑚1𝑣𝑟2

2 −
𝐺𝑚1𝑚2

𝑟1+𝑟2
= 𝐸
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where              

-----------(3) 

-----------(4) 
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Estimate mass of the Local Group Galaxy from the Dynamics of Milky Way - 

Andromeda System             [50] 

 

The dynamics of M31(Andromeda) and Milk Way (MW) can be used to estimate the 

total mass of the Local Group (LG). The basic idea is that galaxies currently in a 

binary system were at approximately the same point in space shortly after the big 

bang. Besides, mass of the local group is dominated by mass of MW and M31.  We 

can measure the radial velocity of M31 with respect to MW via Doppler shifts of the 

spectral lines being found to be -118 km/s. The negative sign means that M31 is 

moving towards MW. This may be surprising, given that most galaxies are moving 

apart with the general Hubble flow. The fact that M31 is moving towards MW is 

presumably because their mutual gravitational attraction has halted, eventually 

reversed their initial velocities.  In principle, if the pair of galaxies are well 

represented by isolated point masses, their total mass may be determined by measuring 

their separation, relative velocity and the time since the expansion of the universe 

begins.  Kahn and Woltjer used this argument to estimate the mass in the LG. 

 In this problem we will follow this argument through our calculation as follow; 

    

a) Consider a non-rotating isolated system of two gravitating point masses 1m , 2m (as 

observed by an inertial observer at the centre of mass). 

 

 

 

 

 

Express the total mechanical energy (E) of this system in a mathematical form 

connecting 1m , 2m , 1r , 2r , 1r , 2r , and the universal gravitational constant G  

where 1r , 2r  are radial velocities of 1m , 2m  respectively.    [2.5] 

 

b) Re-write the equation in a) in terms of r , r , , M , G  where 1 2r r r , the 

separation distance between 1m  and 2m , 1 2

1 2

m m

m m
, the reduced mass of the 

system, 1 2M m m , the total mass of the system.    [5] 

 

c) Show that the equation in b) yields:  

2
0

0

1 1
(2 ) ,  r GM r

r r
 being a new constant.  

m1 m2 

r2 r1 

Centre of mass 

6 
 

Estimate mass of the Local Group Galaxy from the Dynamics of Milky Way - 

Andromeda System             [50] 

 

The dynamics of M31(Andromeda) and Milk Way (MW) can be used to estimate the 

total mass of the Local Group (LG). The basic idea is that galaxies currently in a 

binary system were at approximately the same point in space shortly after the big 

bang. Besides, mass of the local group is dominated by mass of MW and M31.  We 

can measure the radial velocity of M31 with respect to MW via Doppler shifts of the 

spectral lines being found to be -118 km/s. The negative sign means that M31 is 

moving towards MW. This may be surprising, given that most galaxies are moving 

apart with the general Hubble flow. The fact that M31 is moving towards MW is 

presumably because their mutual gravitational attraction has halted, eventually 

reversed their initial velocities.  In principle, if the pair of galaxies are well 

represented by isolated point masses, their total mass may be determined by measuring 

their separation, relative velocity and the time since the expansion of the universe 

begins.  Kahn and Woltjer used this argument to estimate the mass in the LG. 

 In this problem we will follow this argument through our calculation as follow; 

    

a) Consider a non-rotating isolated system of two gravitating point masses 1m , 2m (as 

observed by an inertial observer at the centre of mass). 

 

 

 

 

 

Express the total mechanical energy (E) of this system in a mathematical form 

connecting 1m , 2m , 1r , 2r , 1r , 2r , and the universal gravitational constant G  

where 1r , 2r  are radial velocities of 1m , 2m  respectively.    [2.5] 

 

b) Re-write the equation in a) in terms of r , r , , M , G  where 1 2r r r , the 

separation distance between 1m  and 2m , 1 2

1 2

m m

m m
, the reduced mass of the 

system, 1 2M m m , the total mass of the system.    [5] 

 

c) Show that the equation in b) yields:  

2
0

0

1 1
(2 ) ,  r GM r

r r
 being a new constant.  

m1 m2 

r2 r1 

Centre of mass 

1

2
𝑣𝑟
2
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-----------(5) 

-----------(6) 

∴
𝑣𝑟𝑡

𝑟

𝜔

𝜔

𝑣 𝑟
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The negative value of the left-hand side of this equation implies that 
is greater than . 

r = 710 kpc

 𝑟𝑡

𝑟

𝑣 𝑟

∴
𝑣𝑡

𝑟
∴
𝑣𝑟𝑡

𝑟
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Theoretical Examination 

Page 3 of 5 
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e) 1 3 1118 kms 118 10  msr - -= - = - ´  

22720 kpc 2.1908 10  mr = = ´  

6 1713700 10  years = 4.3233 10  st = ´ ´  

( )( )

( )

3 17

22 2

sin sin118 10 4.3233 10  
 2.329

2.1908 10 1 cos

rt

r

q q q

q

-´ ´ ´
\ = - = - =

´ -
 

The negative value of the left-hand side of this equation implies that q  is greater than .p  

 

 

 

 

 

 

 

 

 

 

 

f) From equation (6) we have max 0 ,r r=  and hence  

max

2 ( ) 2 710 kpc
998 kpc

1 cos 1 cos 245

r
r

q

q

´
= = =

- - °
 

 

q  ( )( ) ( )
2

sin sin / 1 cosq q q q- -  

200 3.491 radians° =  0.348-  

210 3.665 radians° =  0.598-  

240 4.189 radians° =  1.946-  

244 4.259 radians° =  2.241-  

245 4.276 radians° =  2.321-  

246 4.294 radians° =  2.404-  

250 4.363 radians° =  2.768-  

expanding 

This gives the value of

	
This gives the value of

  245  4.276 radian 
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From equation (5) we have and hencemax 0,r r

9 
 

Equation (5) and (6) form the parametric solution of equation (4). 

max 0( )r r r  
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0 0

1/2 2
3
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2 8 sin sin

 .
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r r
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r
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The negative value of the left-hand side of this equation implies that  is greater 
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g) From equation (6) we have max 0,r r  and hence  

max

2 ( ) 2 710 kpc
998 kpc

1 cos 1 cos245

r
r  

 

 
2

sin sin / 1 cos  

200 3.491 radians  0.348  

210 3.665 radians  0.598  

240 4.189 radians 1.946  

244 4.259 radians 2.241 

245 4.276 radians 2.321 

246 4.294 radians 2.404  

250 4.363 radians  2.768  

This gives the value of 

245 4.276 radians
 

This is the maximum separation between Our Milky-Way Galaxy and 

Andromeda Galaxy, afterwards which they started to move towards each other.

 
 
 

The value of may be calculated from the equation (5)M
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This is the maximum separation between Our Milky-Way Galaxy and 
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The value of M may be calculated from the equation (5) 

23
max sin

8 ( )

r
M

G t
. 

22
max 998 kpc = 3.0795 10  mr  

245 4.276 radians  

6 17( ) 13700 10  years = 4.3233 10  st t  

11 2 26.6726 10  Nm kg  G  

42
42 12

30

7.861 10
7.861 10  kg = 3.952 10

1.9891 10
M M M  

The estimated number of stars, most of which are of less than a solar mass, for 

Andromeda and Our Galaxy are 114 10  and 112 10 respectively. This implies that 

most of mass of the system is DARK. 
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