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DA1: MacwTabHble cooTHOLWeHus (75 6annoB)
MoxxanyicTa, NpounTanTe 06LLMe NHCTPYKLUK Mepes Hayanom paboTsl.

CnupanbHble ranakTUk — ANCKOBbIe BpaLLaloLLmMecs CTPYKTYpbl, AMHAMUYeCcKoe COCTOsIHME KOTOPbIX
OMUCbIBAETCA KPUBBLIMU BPALLIEHWNS, ONPeeNnstowLMMN CPeHIO CKOPOCTb BPaLLeHNs ANCKa B 3aBUCU-
MOCTW OT PaccTOsiHMA A0 LieHTpa (puc. 1, kpyneas B). IHTepecHOM 0CO6eHHOCTLIO ABASETCA NIOCKNIA yYa-
CTOK KPUBOW, KOTOPbI 06 bACHAETCA Hanu4eM TEMHOM MaTepuun. B eé oTcyTCcTBME CKOPOCTb BPaLLeHWs
ybbiBana 66l No KpnBoN A.

Puc. 1. KpmBble BpaLleHs: 3aBUCUMOCTb KPYroBOY CKOPOCTW OT pajnyca

Jns ANCKOBBIX ranakTUK 3aMeyeHa CUAbHasa Koppensaumns mexay CobCTBeHHON CBETUMOCTbIO FranakTUKm
N aCMMNTOTUNYECKO CKOPOCTHIO BPaLLEHUS (CKOPOCTbIO BPAaLLEeHNS Ha Kpato — Ry,,,), KOTOPas N3BeCTHa
Kak COOTHOLLeHMe Tannm-Puilepa. 3Ta CBA3b CyLLeCTBYeT 1 B C/lydae, Korja CBeTUMOCTb onpejesneHa
B KaKon-nMbo cnekTpasbHOM nosoce. Ha puc. 2 nokasaHa 3aBMCMMOCTb abCoNOTHOM 3BE3AHON BeNU-
YMHBbI ranakTK HEKOTOPOro ckomnieHus B punbTpe K oT 10g, (Vinax). CNNOWHAA MHNSA Ha rpadurke —
Hanyyllee MHeHOe NPUGANKEHNe YKa3aHHOM 3aBMCMOCTH.

Absolute K magnitude

L]

|°g lo(vmax[km 571])

Puic. 2. 3aBNCMMOCTbL abCOMOTHO 3BE3AHOI BeMUNHbI B dunbTpe K oT log,  (Vinax[km s~ ]).
CooTHoweHne Tanan-Puwiepa. Kaxaasa Touka oTBeyaeT HEKOTOPOK ranakTumke. JaHHble ans
5 BblgeNeHHbIX ranakTukK NPUBOAATCA Janee B Yactn 1.2
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Puc. 3. COOTHOLLEHME MEXAY MACCOBOI JONEl ranakTM4eckoro rasa 1 Maccoi 3Bé3g

JpyromMy COOTHOLLEHWIO NOCBALLEH pUC. 3: ANCKU C BoNbLUel Maccoli 38834 (M,), Kak NpaBnao, UMeroT
MeHbLLYH MacCOBYO A0/1H0 rasa (Mg /M.,).

as
Bam npeactonT onpeaenvtb Grsnyeckre napameTpbl ranakTnk MCNoJb3ys BblLLEoNMCcaHHbIe MacLluTab-
Hble COOTHOLLUEHUS. MicxoanTe 13 ceayroLmx NpesnonoXeHNn 1 0603HaYeHNI:

* [lnA BCex ranaktuk Vi, ., U3MepeHa Ha OZHOM 1 TOM Xe paanyce R,,., Ha NJ0CKOM y4acTKe KpMBOIA
BpaLLieHVs Janeko 3a npejenamu 3BE3HOro Ancka.

* M,,, — Macca TEMHOW MaTepuu BHYTPW wWapa paguycom R, .., M, , — CyMMapHas Macca Bcex
KOMMOHEHT (rasa, 3Bé3g 1 TEMHON MaTepun).

* Bce ranakTukm UMerT CXoXue 3BE3gHble Haceneval, a MeX3BEé34Hbli ras He B3aMMOAeVICTByeT C
n3nyyeHmem 3Bé34.

+ PaccmaTpriBaemoe cKomneHve rafakTuk HaxoAMTCA JOCTaTOUHO Aaneko, PacCcTosHME 0 Hero cy-
LLleCTBEHHO 60/bLUe pa3mMepoB CKOMAEHWS.

* Cunna rPaBNTalMOHHOIO B3aI/IMO,D,eI7ICTBI/IF| CCI)epI/ILIECKI/I-CI/IMMeTpI/ILiHOFO pacnpegeneHmna mMacc C
ﬂp06HOI7I yacTmuen Ha paccTodaHn r OT UEeHTpa pacnpejeneHna paBHa cumne rpaBUTaulMOHHOIO
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B3aMMOAENCTBMA MaTepranbHOM ToUkM Maccbl M (< r) (rae M - Macca, 3ak/to4éHHast BHYTpU che-
pbl paguyca r), pacnosoXeHHONM B LeHTpe wapa, C NPO6HON YacTuLeln.

1Tep|v||/|H «3BE&34H0e HacesieHMe» OTHOCUTCA K OTHOCUTE/IbHbIM KONNYeCcTBam Pa3IMYHbIX TUNOB 3Bé3]
B raiakTuke.

Yactb 1 (20 6annoB)

1.1 Vicnonb3ys puc. 3, onpegennte napameTpbl 3aBUCUMOCTU M, = a X M? 5.0pt

a="7"
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1.2 Ha rpaduvke ana cootHoweHusa Tanan-®Purwepa 6ban BbigeneHsl 5 ranaktmk,  15.0pt
AaHHbIe 415 KOTOPbIX NpejcTaB/ieHbl HUXe. VIcnonb3yinTe 3TW JaHHbIe AN Bbl-
YMC/IEHNA MapaMeTpPoB COOTHOLLEeHWSA Tannn-®duviepa MeToA0M HaVMeHbLLNX
KBaApaToB.

YKasaHume: paccmatpuBaiiTte 109, (Vinay) Kak MepemMeHHyto » 1 K — Kak y.

Vinax [km/s] | K [mag]
79.4 —16.8
100.1 —19.2
158.5 —21.3
251.2 —214
316.2 —24.0

K =c¢x10g10(Vipax) +d

c="

d="7

YacTb 2 (16 6annoB.)
[na aByx ranaktuk, G1 v G2, B CKOMJ€HUN 3aperncTpmpoBaHHble BUANMbIE 3Be3Hble BE/INUNHbI:
k, =19.2 ; ky =25.2

Ncnonb3ys 3Ty nHGOpMaLMIo 1 COOTHOLLEHWS, onpeeneHHble B YacT 1, HaillagnTe npaBubHble NOKa-
3aTeNu B C1eAyrLNX YPaBHEHUSX:

2.1 . 6.0pt
*1 — 10¢ . -9
M*Q 0 ’ ‘

2.2 4.0pt

A4?a51 _ 1Of

gas2

2.3 6.0pt
Mtotl — 10q : g= ?
Jtl%OtQ

YacTtb 3 (15 6annoB)
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3.1 15.0pt

Buanmas
lanakTuka 3Bé3Hasd M, . [Mo) | M, [Mg] | My, [My] | M,

gas [M(D]
BeNNYnHa k

ot

G, 19.2 4.39x 10

3anonHuTe NPonyckn B Tabaule, eciv N3BECTHO, YTO A5 ranakTuku G, OTHO-
LeHMe MacCbl TEMHOM MaTepumn K Macce 6apruoHHON MaTepui, 3aKNHYEHHbIX
BHYTPW LLIapa paanycom Ry, PaBHO 6.82.

YacTtb 4 (24 6anna)

4.1 MycTb cncTemMaTnyeckasn norpeLlHocTb U3MepeHns BUANMON 3BE3aHON Benn-  4.0pt
UMHbI COCTaBNSAET o,,, = +0.2 BBUAY HETOUYHOCTeN Kannoposkn M3C-MmaTpULibl.

sYs
Torpa ky = 19.240.2, TO eCTb k,, BEPOATHO, IEXXUT B «OBEPUTENILHOM» VHTEP-
Bane [19.0, 19.4]. AHanornyHo Ang k.

HananTe «goBepuTeNbHbIN» MHTEPBaN ANS NokasaTens CTeneHu e B OTHOLLe-
HUN %; = 10¢ (paHee oLeHeHHOM B Bonpoce 2.1), paccMOTpeB HanbonbLIVe

BO3MOXXHbI€ OTK/TOHEHWNA k‘l n /{12 OT CpegHnX 3HaYeHU.

e € [7,7]

4.2 OfHako 1 caMn COOTHOLLEHWNS BbIMOMHSIOTCA He C abCONOTHOM ToYHoCTbl.  10.0pt
Ansa 3agaHHoro 3HayveHua K cootHoweHne Tannn-®duilepa AaéT efNHCTBEH-
Hoe 3HaueHwue 10g, (Vinax), B TO BpeMsi Kak pasymHee roBopuTb O HEKOTOPOM
AVanasoHe BO3MOXHbIX 3HaUeHWIA, OKpYy>XaroLLem cpejHee — rnpejckasaHHoe
3HayeHue. byjeM Ha3bIBaTb 3TO CTATUCTUYECKON MOrPEeLLIHOCTBIO 0, ;-
OueHunTe CTaTUCTUYECKYHO MOrPeLIHOCTL ANns npeackasaHus 1og, (Vinax) Mo
3HayveHMsaM K npu noMoLLm cooTHoweHua Tanan-Puviepa, napameTpsbl Ko-
TOpPOro onpejensnnce B Bonpoce 1.2. N 3T0ro BblUNCANTE AN KaXAON ra-
NaKTUIKN OTKJIOHEHME MeXAy MNpeAcKa3aHHbIM U M3MEPEHHbIM 3HaYeHNAMUN
109, ,(Vimax), 1 monoxwure Tstqr PABHBIM YABOGHHOMY RMST (cpegHemy kBagpa-
TUYECKOMY) 3TUX OTKIOHEHWIA.

-7
Ostat = *

fTRMS Habopa 3HaueHui — 3TO KBaAPaTHbIN KOpeHb 13 cpegHero apnudmeTu-
YecKoro KBaApaToOB 3TUX 3HaUEHWIA.

4.3 Hangnte «goBepuTenbHbIN» MHTEepBan AN1a nokasatens creneHu g B otHowe-  10.0pt

M

HNN %"i = 109, paccmoTpeB Hanbo/ibLUVE BO3MOXHbIE OTK/IOHEHUS napamMmeT-
totZ

POB B C1ly cmcteMatndecknx N CTatTuctnyecknx I'IOI'pEUJHOCTEMI

g € [?7?]
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Data Analysis 1: Scaling Relations (75 points)
Please read the general instructions in the separate envelope before you start this problem.

Spiral galaxies are disk-like rotating structures, whose dynamical state is fairly grasped by the so-called
rotation curves, quantifying the mean rotational velocity of the disk at different distances from the center
(see Figure 1, curve B). An interesting feature is the flat region of the curve, which is attributed to the
presence of dark matter. Without it, rotation velocities would drop steadily at large radii from the center,
as depicted in curve A.

Figure 1: Rotation curves. Circular velocity (Y-axis) vs Radius (X-axis)

In disk galaxies a strong correlation has been observed between the intrinsic luminosity of the whole
galaxy and the asymptotic rotational velocity (as given by the rotation curve for the outer edge of the
galaxy i.e. Rpa), a result that is known as the Tully-Fisher relation. This relation also holds if you use
the luminosity in a specific band. This is shown on Figure 2 for a number of galaxies in a galaxy cluster.
Every dot is a galaxy, and the solid line is the best-fit linear relation between absolute magnitude in K
band and log,(Vimax) for the whole sample.

Absolute K magnitude

®

Iog lO(Vmax[km 5_1])

Figure 2: Absolute magnitude in K band vslog, ,(Viax[kms~']). Tully-Fisher relation for several
galaxies. Every dot represents a galaxy. The dark points are five selected galaxies, for which
we will provide some numbers in part 1.2.



Data Analysis

||
BLR-3 A-1 Q-2

International Olympiad on Astronomy and Astrophysics

English (Official)

log10(Mgas/M *)

9 10
log10(M= [Mo 1)

Figure 3: Gas fraction vs stellar mass.

11 12

Another interesting trend is shown in Figure 3: disks with larger stellar masses (1, ) tend to have smaller
gas fractions (M, /M,).

In the following questions you will be asked to extract physical information about the galaxies using the
scaling relations just introduced. Consider the following guidelines:

Assume that V., was measured at the same radius for all galaxies (R,,.), in the flat part of the
rotation curves and well beyond the end of the stellar disk.

Use M,,, for the dark matter mass up to R
and dark matter)

and M,,, for the sum of all components.(gas, stars

max

Assume that all galaxies have identical stellar populations!, and assume that the gaseous compo-
nent does not interact with the stellar light. .

The galaxy cluster is far away. Its distance is much larger than the cluster size.

In spherically-symmetric mass distributions, to infer the gravitational effect on a particle at distance
r from the center, it suffices to consider the total mass enclosed up to that radius M (< r) as if it
were placed at the very center of the distribution.
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!The term stellar population refers to the type of stars that are present in a galaxy, and the relative
amount of each type with respect to the total number of stars.

Part 1 (20 points).

1.1 From an analysis of Figure 3, find the appropriate constants in the following  5.0pt
relation: M,,, = a x M!

1.2 In the plot of the Tully-Fisher relation there are 5 highlighted points. Data for  15.0pt
these 5 galaxies is given in the following table. Use this dataset to find the
appropriate constants for TF relation presented below the table, by means of a
linear fit using the method of least squares.

Note: Treat log;,(Vimax) @S the z variable and K as the y variable in the linear fit.

Vinax[km/s] | K[mag|
79.4 —16.8
100.1 —19.2
158.5 —21.3
251.2 —214
316.2 —24.0

K=c¢cx lOglo(Vma:c) +d

c="7

d="7"

Part 2 (16 points).
For two galaxies, G1 and G2, in the cluster, the recorded apparent magnitudes are:
ky =19.2 ; ky = 25.2

Using this information and the relations calibrated in Part 1 find the correct exponents in the following
equations:

21 6.0pt
—L =100 ; e=7?
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2.2 u 4.0pt
gasl f _
—22 =10 f=2
MgasQ
2.3 M 6.0pt
Ttotl _ 109 g="7
Mtot2
Part 3 (15 points).
3.1 15.0pt
Apparent
Galaxy magnitude k Mgas[MO} [MO] Mdm[MG] Mtot [M(D]
G, 19.2 4.39x 10!
Fill in the missing values in the table using the fact that for galaxy G,, the dark-
to-baryonic mass ratio up to R, iS 6.82.
Part 4 (24 points).
41 Consider a systematic uncertainty of o, . = 40.2 in each apparent magnitude  4.0pt
due to CCD calibration errors. Then k; must be read as k; = 19.2 + 0.2, i.e., the
only thing we know is that k; most likely lies in the interval [19.0, 19.4]. The same
goes for k,. ,
Recalculate the exponent in the scaling relation % = 10° (found in 2.1), ex-
pressing e as an interval estimated by considering the extreme possible varia-
tions in k;and k&, .
e €[7,?
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4.2 Now we consider that there is always a natural spread of the data around any  10.0pt

relation. For instance, for a given value of the K magnitude the TF relation

gives a single value of log,,(Vimax), but it would be more realistic to report an

interval of plausible values, derived from the natural spread of the data around

the mean TF relation. We call this the statistical uncertainty, o, ,;-

Estimate the statistical uncertainty if log,,(Vinax) 1S inferred from K using the

TF relation from question 1.2. For this, consider for each point the difference

between the value of log,((Vinax) €Stimated from K using your linear fit and the

actual measurement of log,((Vinax), @nd take o,,, as two times the root mean

square (RMS) of these differencesf.

-7
Ostat = *

fThe RMS of a set of values is the square root of the arithmetic mean of the
squares of those values.

4.3 Recalculate the exponent in the scaling relation % = 109, expressing gasan  10.0pt

interval estimated by considering the extreme possible variations arising from
both the systematic and statistical uncertainties:

g €127
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Yactb 1 (20 6annoB)

1.1 (5.0 pt)

1.2 (15.0 pt)

Yactb 2 (16 6annoB)

2.1 (6.0 pt)
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2.2 (4.0 pt)
f =
2.3 (6.0 pt)
g =
YacTtb 3 (15 6annoB)
3.1 (15.0 pt)
Buanmas
lanakTrka 3Bé3jHas My s[Mg) (M) | My, [Mg] | M, [Mg)
Be/INYVHA k
G, 19.2 4.39x 101!
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YacTtb 4 (24 6anna).

4.1 (4.0 pt)

e €] , ]

4.2 (10.0 pt)

Ostat —
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