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Values of astrophysical constants

speed of light c 2.998x 10®ms
gravitational constant G 6.673x 10N m?kg2
h  6.626x 103*Js
Boltzmann constant k 1.381x 1002JK?!
Stefan-Boltzmann constantc~ 5.671x 108Wm—2K~*

Planck constant

Rydberg constant Ro 1.097x10'm™!
Avogadro constant Na 6.022x 10?3mol~*
gas constant R  8315JmottK1
proton mass mp 1.673x 1072"kg
electron mass me 9.109x 10-31kg
elementary charge e 1.602x 10°°C
electronvolt eV  1602x 107%°J
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parsec pc  B86x 10¥m
light year ly  9461x 10%m
solar mass My 1.989x 10°Ckg
solar radius Ry 6.960x 10°m
solar luminosity Lo 3.826x 107°W
Earth mass Mg 5.976x 10?*kg
Earth radius Res 6.378x10°m
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1 Solar System Physics

1.1e List five main differences between the terrestrial and joyitanets. [5]

Solution: no solution available

1.2 State Newton’s law of gravitation, defining all the symbatsiyuse. Hence derive an expression for the surface
gravity of a spherically symmetrical uniform planet in terof its mass, radius, and the gravitational constant,
G. Calculate the value of the surface gravity of Jupiter, gigitanetary data from the lecture handout or course
textbook. [5]

Solution: Newton’s law of gravitation: the magnitude of the gravibagél forceF between two
massesn; andm, separated by a distanéris

Gm1m2
TR
whereG is the gravitational constant, and where the force exeryehbon m; is along the line

betweenm; andm,, and vice-versa. I is the mass of an object near the surface of a body of
massM, radiusR, then the gravitational attraction of the ma#son m at the surface is given by

F

GMm
F=mg= Rz

whereg is the surface gravity of the object of mags Rearranging, we have the surface gravity
g of an object of mas# and radiusR is given by

GM
TR

Inserting the values given yields= 24.9ms™! for Jupiter.

1.3 sState Newton’s Law of Gravitation and show that the accétEradue to gravity at the surface of a planet of

massM and radiusR is given by

_GM

==z
stating clearly any assumptions that you make. [3]
Given that the mass of Venus is 0.817 times that of the Eadhlaradius of Venus is 0.97 times that of the
Earth, calculate the acceleration due to gravity at theaserbf Venus if its value at the surface of the Earth is
9.8ms=2. {85ms 2 [3]

Solution: Fgay = GMm/r? wherem and M are masses of bodies separatedr byForce is
attractive and acts along line joining bodiesg = GMm/R?> — g = GM/R?, assuming planet
spherical with spherically symmetric density. Thus

ov MyRZ 0817

g MeRZ (0977

SO
0.817
= — — _x98=85ms?
&= 09792~
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1.4 Calculate the ratio of the surface gravities of the Earthamiter, given the following data
Ryupiter= 112Rgarth and Myypiter= 317.8Mgarth

whereR and M denote respectively the radius and mass of the planet. [2]

Show that, for two planets of equal mean density, the ratitheir surface gravities is equal to the ratio of

their radii. [3]
Solution:
GM
-~ RZ
We can write 4
M = 3" R3p
47 R3 4
=G——p=-7Rp
=49 3 Rzp 37T Y
Hence B
G _ R R if p1=p2
2 Rp R
(3]
For Jupiter,
gJupiter _ & (&)2
OEarth Me \ Ry
1 2
= 3178 —
% (11.2)
= 253

[2]

1.5 starting from Newton’s Law of Gravitation, derive an exygies for the gravitational acceleration at the surface
of a planet in terms of its radius and average density. GiliahMars and Earth are both terrestrial (rocky)
planets, and using planetary data from the lecture handougixtbook, estimate the ratio of the gravitational
acceleration at the surface of Mars to that of Earth, statmgassumptions you make. [5]

Solution: Newton’s law of gravitation

F= gravitational force between bodies of magsandm separated by distance

Surface gravity (gravitational acceleraticg)force per unit mass
GM
g= Tz

Wherer = Rp|anet

: - G4 ,_
Expressintermsofp g = r_2§m 0
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So ratio of surface gravities of Mars and Earth

ratio = PMarsl Mars

PEarthl Earth
As both are terrestrial planets assume they have game

Omars _ 'mars 3487

~ ~ ~ 0.55
Oearth lEarth 6378

[5]

1.6 Give a sketch of the Earth’s interior, clearly indicating tifferent regions, and their approximate dimensions. [5]

Solution: no solution available

1.7 Explain the terms

(a) plate tectonics
(b) volcanism

(c) outgassing. (5]

Solution: no solution available

1.8 Give a sketch of the atmosphere of the Sun, indicating thecappate dimensions of the various regions and
their approximate temperatures. [5]

Solution: no solution available

1.9 The Earth and Jupiter’s satellite lo both exhibit volcanigriefly describe the causes of this volcanism in each
case. [5]

Solution: Earth: volcanism is result of radioactive decay within ideheating rocks (radiogenic
heating). Rocks melt — lava comes to surface via cracks it.cru

Volcanism found at subduction zones (boundary between tate$ where oceanic crust is
sliding under continental crust), and also at weak pointdates — ‘hot spots’ such as at Hawaiian
islands.

lo: volcanic activity due to heating by tidal forces exerfwimarily by Jupiter, and also by
Europa which is in orbital resonance with lo ( Europa orlggliod = 2x lo orbital period). lois
closest of Galilean satellites to Jupiter, Europa next.

1.1Q Sketch thenternal structure of the Sun, indicating the approximate dimerssamd temperatures of the various
regions. [5]

Solution: no solution available

1.1% Explain the mechanism of the greenhouse effect. Give theeaarfitwo main greenhouse gases in the Earth’s
atmosphere. [5]
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Solution: no solution available

1.12 In what way do the surface features of the Moon and Earth a#iglidiffer and why? [5]

Solution: Surface features of Moon Extensive circular impact crat8raooth dark areas called
maria. No water. Old rocks.

Surface features of Eartty8 covered in oceans plus ice. Volcanically active. Youngeks
(range of ages). Surface (and atmosphere) modified by life.

Basic differences due to lack of present day volcanic dgtamnd no erosion processes on Moon
(no atmosphere and no water), while these activities plasive modified Earth surface. Moon
probably lost its volatile compounds §B, CO; etc.) due to heating on impact with Earth of large
planetesimal from which it is thought to have formed.

1.13 The surface temperature of Venus is 700 K and that of the ERBB0 K. Calculate the wavelengths at which

the radiative flux from each planet is maximum. You may usenfilaw, AmaxT = 2.9 x 103mK. [2]

In what region of the spectrum do these wavelengths lie? [1]
Explain carefully what is meant by the ‘greenhouse effetplanetary atmospheres. Discuss this phenomenon
with reference to the atmospheres of the terrestrial ptanet [10]
How does the ‘runaway’ greenhouse effect explain the neseraie of water in Venus’s atmosphere? [4]

Solution: Using Wien'’s displacement law, with = 700K for Venusimax = 414 nm and for
Earth T = 300 K) Amax = 97 nm. Both these wavelengths lie in the infrared regiond{&#en in

the infrared is largely absorbed by @é&nd H O, hence greenhouse effect.) Atmosphere transmits
light in visible band, but absorbs or reflects light in infdr Thus light from the Sun is transmitted
through atmosphere since it is largely in visible becaudsgif effective temperature (5800 K) of
the Sun. Lightfrom the planet’s surface is however emittéaleer temperature (Venus 700K, Earth
300K) and so is mainly in infrared, and so is absorbed by gbmae and reradiated. This effect
comes about largely through the presence of G830 and CQ in the case of the Earth), although
other molecules will contribute. The effect is particwastrong on Venus, whose atmosphere is
dense and made largely of GOOn the Earth it is also important, although not so evidenh O
planets with only thin atmospheres it is fairly unimportardenus’s surface temperature might
be expected to be around 350K from simple modeling, i.eyraggy surface of planet emits a
flux equal to the flux from the Sun, although in reality the aoef temperature of Venus is around
700K. The runaway greenhouse effect is due to positive fagdbWater is evaporated by high
surface temperatures on Venus produced by the greenhdese difie to CQ. The increase in
water vapour increases the greenhouse effect, which inriaraases the surface temperature and
water evaporation. Temperature continues to rise, ané seddht of HO increases until water is
vulnerable to dissociation from UV and X-ray radiation fréime Sun.

1.14 Show that the surface temperatufg, of a planet is given by
1/2
To=(1-AYA (%) Te.

wherer is the distance of the planet from the Sun, d&slis the solar radiusTe is the effective temperature of
the Sun, andA is the albedo of the planet. State clearly any assumptiais/tdu make. [10]

Assuming that Mars has an albedo of 0.2, calculate its seitfamperature given that the orbital period of Mars
is 1.9 years. [5]
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What evidence is there for the statement that the surfacpeeture was considerably higher than this in the
past? [2]

(For the SunTe = 5800K.)

Solution: no solution available

1.15 state the main differences between the properties of thesteial planets and the jovian planets. [6]

Show that the escape velocity is givendgy= (2G M/R)/2 . (You may assume that the gravitational potential
energy of body of masm on the surface of a sphere of maddsand radiusR is given by—GMm/R and its
kinetic energy is given bynv2/2.) Calculate the ratio of the escape velocities for the tlamgts Venus and

Jupiter, using the planetary data given in the lectures. [10]
How does the difference in escape velocities explain therdifice between the chemical composition of the
atmospheres of the two planets? [4]
Solution:

Terrestrial planets Jovian planets

lower mass, small radii high mass, large radii

near the Sun distant from Sun

(higher surface temperature lower surface temperature)

solid surface gaseous throughout (except for possibld solie)

depleted in H and He rich in H and He (same composition as th¢ Su

few satellites many satellites

no rings many rings

Escape velocityA particle will escape if its total energy (potential (PE) tadtic (KE)) is greater
than zero i.e., PE KE > 0. Now KE= mw?/2 and PE= —GMm/r on the surface of the planet.
The escape velocity is given by putting=E. This yields

2GM\Y?
Ve = (T) .

Ratio of escape speeds from Jupiter and Vertusing the above formula we have

M R
Yo _ [V _5g5
Vev MvV R

Composition of atmosphere§he escape speed on Jupiter is greater than on Venus. Atm give
temperaturel , the average speed of a particle depends on the temperdlmriact the average
kinetic energy%mv2 = %kT, wherek is Boltzmann’s constant.) Thus at a given temperature,
less massive particles will move faster (in proportion te ilverse square root of their mass).
Hydrogen and Helium are very light particles, and so will beving fast enough to escape Venus,
say. Heavy particles like C{etc. cannot escape. On Jupiter the situation is differenstly

the escape velocity is greater and secondly the temperatlower, so the H and He particles do
not have on average enough speed to escape (and of courseather particles even less so). So
terrestrial planets with lower escape speeds and hightaceutemperatures tend to lose H and He,
whilst gaseous giants retain them.




6 Astronomy 1 Problems Handbook, 2009-2010

1.16 Sketch the monochromatic energy flu,, against wavelength,, at the Sun’s surface, clearly indicating the
wavelength at which the flux is a maximum. You may assume Wikemy. [4]

Show that the total radiative flux from the sun falling on angés surface is given by

R\? _,
— T, R
(7)o
wherer is the distance of the planet from the S&the radius of the Sun, ari@ the effective surface temperature

of the Sun.

Assuming that a planet is in radiative equilibrium, and th&tactionA of the Sun’s radiation is reflected by the
planetary surface, show that the surface temperature @idnet is given by

R\ /2
Th=1-AY4 (-) Te. [12]
2r
Calculate the surface temperature for Mars given that litsdd, A, is 0.16 and that it is at a mean distance of
1.52 AU from the Sun{217.2K} [3]
At what wavelength does Mars emit most of its radiation? [3]

(You may assume thd = 5800K.)

Solution: Effective temperature of the Sun is 5800 K. From Wien's Jaw,T = 2.9x 103 mK.

Henceimayx = 2'952%%73 =5x 10"m = 500nm.

Fx

500nm N

Luminosity of the Sun =(surface areg(flux at surface)= 47 R%c T2. Flux at the surface of Mars

is therefore )
47 R?0 T} _(RY e
4rrr2 r €
Power falling on Mars’ surface = (flux at surface of Mat$dross-sectional area of Mars)

R 2
= (r_> oTd x nrg.

Fraction of power falling on Mars’ surface that is reflecte@i Therefore fraction that is absorbed
is (1 — A). Therefore power absorbed by Mars is

R 2
4 2
(1— A <T> oTinr2.



1 Solar System Physics 7

If the planet is in radiative equilibrium, the planet mudtiede the same amount of power as it
receives. Assuming Mars also behaves as a blackbody, therporadiates is #rgaTg‘. (N.B.
This radiation will be in the infrared.) In radiative eqbilium we have

R 2
4rrio Tl = (1— A <T> oTmr?.

R\ /2
Thus T, = (1— AY* <5) Te.

Substituting values forA=0.16, R=6.96x 10°m, r = 1.496x 10''m
and To=5800K  we obtain T, =217.2K.

Using Wien's law againimax = 13um. This is in the infrared. Most radiation will be emitted in
the infrared.

1.17 If one ignores the effect of Venus' atmosphere the predistethce temperature would be around 240K, which
is the temperature above the highly reflective clouds. Thesomed surface temperature however is about 700 K.
Explain the reasons for this difference. [6]

A simple model of the atmosphere of Venus is described by thedibelow.

cloud

A
1-aFp Fv Fe \ rkFv  /

surface of Venus

HereFg is the radiative flux from the Sun arriving at the top of Vesustmosphere. The radiative flux from the
Sun reflected by the cloud is given b wherea is the albedo, and the radiative flux transmitted through the
cloudis(1 — a)Fg.
The radiative flux emitted by the upper and lower surface efdloud is given byFc. A fractionr of the
radiative flux, Fy, emitted from Venus'’s surface is reflected by the cloud aedrémaining fraction1 — r)
is absorbed by the cloud. Assuming the radiative flux is inralvdalance, show that. = (1 — a)Fs and
Fv = Fo(1—a) +rFy + Fc. Hence show that

Fv . 2

Fe 1-r (8]

Assuming that both cloud and Venus'’s surface radiate ak lbladies, and that the cloud is at a temperature of
240K, calculate the value ofnecessary to yield the measured surface temperature of\&mM20K. {0.975} [6]

Solution: Referto the diagram. Fluxin from the Sun must be equal toataé flux out from Venus.
The former isF; . The latter iaF; + F. . Thus we havéd, = aF; + F, henceF, = (1-a)F.
Now consider the radiation at surface of Venus. The flux debby the surface il — a)F, +
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rFy + F.. This must equal the flux emitted by the surface, thys= (1 — a)F, +rFy + F..
Substituting fol—a)F, = F¢in the above equation we hattg = F.+rFy + Fc = 2F.+rFy,
andsoR, —rFy = (1-r)R, = 2F;, or

For a blackbody at temperatufe the flux is given byF = o T4. Thus

Fv oT) 7200
Fe oT4 2400

81

Now Fy/F¢ = 2/(1 —r), sor = 79/81~ 0.975.

1.18 Using the data given below, show why Earth has lost all oftitsespheric molecular hydrogen, whereas Jupiter
maintains a hydrogen-rich atmosphere. You may use thelfatttplanet loses a component of its atmosphere
if the thermal speed of that component is greater thaltﬁ”‘lof the escape speed. [6]

[ Temperature of Earth’s lower atmosphere = 290K,
Temperature of Jupiter’s lower atmosphere = 160K,
Mass of molecular hydrogen =31 x 10~27kg ]

Solution: Thermal speed ofl, molecule given bk T = TmvF,

So, on Earthyp, g = /e = 1.90kmy/s

on Jupitery, ; = 1.86 x I—;km/s

S0 6x vine = 114km/s > vg
6 X vih g = 8.27km/s < vy

i.e. thermal speed- 6x escape speed on Earth but not on Jupiter. Therefore Eadh tgs
and Jupiter retains it. [6]

1.19 Explain the terms

(a) igneous,

(b) sedimentary,

(c) metamorphic, and
(d) primitive rocks.

Where might these rocks be found? [8]

Calculate the age of a rock sample which contains 46 partbilien of 40K and 12 parts per billion ofCAr.
Assume that all of thé9Ar found is the direct result of decay frofiK, with a half-life of 13 x 10° years.
{4.3 x 1B yr} [8]

Explain why this rock would be considered relatively antiéfound on the Earth’s surface but not if it were
found on the Moon. [4]

Solution: Igneous refers to rocks which have bemeltedfrom their primitive state. They are
found on Earth at solidified lava flows of various ages. Sedtarg rocks have been formed by
compressionf rock debris and sediment They are found on the Earth'asardnd in brecca on the



1 Solar System Physics 9

Moon. Metamorphic rocks are recycled rocks, i.e., sediargnvr igneous rocks that have been
reprocessed by tectonic activity (recirculated — e.g. bbedr They are also found on the Earth’s
surface. Primitive rocks have been formed from primitivetenial in the solar system, without

having undergone melting or reprocessing. They are tygifalind in asteroids and meteorites.
The number of undecayddK atoms is given by

N(t) = Noexp(—at).

N@ _ 1

A can be expressed in terms of the haIf—Ii’Ee,sinceN—0 =3

In(e*") = —% = —In2, thusx = (In2)7.

= exXp(—At). This implies that

Now substitute values in the expression above. Since 46 partain out of 46+ 12, we can
write
N(t) 46 ot
No 58

Thus taking logarithms to the baseagain—it = —0.2318. Hence = 0.2318 ~ 4.3 x 10°
years.

Most rocks on the Earth are only a hundred million years othhee of recycling in the mantle
and other tectonic activity and weathering. So this rock lidne old. On the Moon most rocks
would be of this age, however, because there has been noitectwolcanic activity for thousands
of millions of years.

1.20 Discuss briefly the internal structure and composition etérestrial planets pointing out the similarities and
differences. [8]

Explain the ternradiogenic heating [2]

The decay of*%K into 49Ar is responsible for about 50 % of the radiogenic heatinghef Earth today.
232Th(orium), 238U(ranium) and?3°U provide the rest. 1 kg of Earth contains about $kg of 49K. The
atomic mass of%K is 39.97 amu and the atomic mass*8Ar is 39.96 amu. The half life o#°K is about 109
years. Estimatethe amount of heat thus generated per year per kg of Earthrialagnd hencesstimatethe
power in watts due to radiogenic heating for the whole Eafth2 x 1074 Jyr1; ~ 3 x 1013wy} [8]

How does this compare with the rate of heating due to the Jun20'7 w} [2]

[You may assume that the solar constant.#x 103 W m—2.]

Solution:

— crust
mantle

core
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The overall structure is as above. The Earth’s core is phgilyd (thus magnetic field), although
there is no evidence that the cores of the other planets aamtldlis molten lava. Mercury has a
solid core and a thick crust (small mass so small heat capaait it cooled down quickly. Venus
shows signs of volcanism. Mars probably was volcanic in,gagtno longer (thickness of crust)
— again owing to smaller size. All planets are of similar casipon (differentiated) although
Mercury has the largest uncompressed density. Densityaogg around 5000 kg, indicating
high proportion of dense material (iron and nickdRadiogenic heating heating through the decay
of radioactive elements, mainf#°U (uranium 235) and®®U (uranium 238) and°K (potassium
40), and®®>°Th (thorium 232).Heating due td°K: Fraction of mass of°K converted into energy

will be about
39.97 - 39.36

39.97

In 1 kg terrestrial material there is 1®kg of “°K. Thus in radiogenic heat provided by 1 kg of
terrestrial matter from decay 61K in half-life of °K will be

~25x 1074,

1
5% 108 %x25x10%xc?2~11x10°J.

Thus rate of heating by 1 kg will be % ~ 10~*joules per year. For the whole Earth, the rate

of heating will be 6x 10* = 6 x 10?°Jyr 1. This is due td"°K, so for total radiogenic heating
we get twice this amount, or about?Q@yr-1. Converting to watts (one year is abouk310’ s)
this gives 3x 10'3W. Rate of Solar heatingArea of cross section of the Earth=R?. (Ris about
6300x 10°m.) Total rate of heating is thereforg 6300 x 10°)? x (1.4 x 10°) ~ 1.7 x 10" W.
Some of this radiant energy is reflected, Earth’s albedogogout 0.4, so solar heating is around
107 W, which is about 3« 10 times radiogenic heating. Still radiogenic heating is adesble,
and enough to account for volcanism on the Earth.

1.21 Explain what is meant by a tidal force and explain in qualitaterms the origin and meaning of the Roche
stability limit. [8]

The Roche stability limit of a planet is approximately giv®n2.5 times the planetary radius. Estimate the likely
maximum distance that a ring could be found from the centdrpiter and Saturn respectivelft..8 x 10° km;

1.5 x 10° km} [4]
Give a possible explanation for the formation and the stimecdf these rings. [4]
Where is the asteroid belt located? Give a plausible exptaméor the Kirkwood gaps. [4]

Solution: Tidal force is the differential gravitational force betwegvo neighbouring points. Thus
consider a ‘planet’ of magdl. Two particles of mass are placed at a radial distancandr + A
from the planet. The nearer particle experiences a force

GMm,
— r2 r
and the further one a force
GMm
——f.
(r + A)?
The difference between these two forces is approximately

2GMmA |
e
r3
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So the nearer particle accelerates with respect to the nistant particle. The Roche stability
limit is obtained by equating the tidal force, tending to aepe the two particles, to the mutual
gravitational attraction of the two particles. Close irtie planet the tidal force increases, and will
dominate the mutual attraction between the two particld® limit at which this takes place is called
the Roche stability limit. Rings exist where the planetedgare unable to fuse together because of
tidal forces. Hence we would expect rings to formifoe 2.5R;, or within 2.5 x 71 000= 177 500
and 25 x 60 000= 150 000 km for Jupiter and Saturn respectively. Condensafigases and ice
during the formation of the planet, as well as break up ofll#at® Composition of rings seems
to be dirty ice. Shepherding satellites appear to play airotbe formation of structure within
the rings. Asteroid belt lies between Mars and Jupiter. \Wotd gaps correspond to periods in
which the asteroids are not found. Resonance effects wttiedyprobably causes the ejection of
the asteroids with these periods from their orbits.

1.22 From the data given in your lecture notes, calculate thesmeedensity of each of the planets compared to the
Earth. Group the results according to any broad feature®pearve.

Solution: Assume planets are spherical — volume 2/3, masamp gives mass density as

. 3mp
pp= Arr
For the Earth,
_ 3me
PE= 471r§'

Hence 5 5
e _me ey’ me (e
PE Mg \Ip me \ Dp

Using data given in the table in notes:

mp/Me | Dp/De | pp/prE
Mercury | 0.558 | 0.381 | 1.009
Venus 0.815 | 0.951 | 0.948
Mars 0.107 | 0.531 | 0.715
Jupiter 317.9 | 10.86 | 0.248
Saturn 95.2 8.99 | 0.131
Uranus 14.54 3.97 | 0.232
Neptune| 17.15 3.86 | 0.298
Pluto 0.0022| 0.18 | 0.377

Low density — gaseous giants.
High density ¢ Earth density) — terrestrials.

1.23 Show that the tidal force acting on a body, maggadiusR, when at a distance from an object of mas#,

has magnitude
AGMmR
Ftidal = 3



12 Astronomy 1 Problems Handbook, 2009-2010

by considering the difference in gravitational forces &é@on the far and near side of the affected body. Assume
r>R

Calculate the ratio of the tidal forces exerted by Jupitatssatellitedo andCallisto. Explain how the difference

in tidal forces between these two satellites is reflectetiéir physical properties.

[f1o = 4.22 x 10° km, rcalisto = 1.88 x 108 km,

Mio = 8.92 x 10%2kg, mca) = 1.08 x 1073kg,

R|0 = 1815 km,RCa”isto = 2400 km ]

Solution:

Y {7
m
Gravitational force ah = (?_MRf;;_
itati _ GMm
Gravitational force ab = TRz

1 _1(, 2R
r+R?2  r2 )

GMm[l 2R ( 2R)i|_4GMmR

- | — ,
r2 r rs3

so differences in forces is

Fridal =

ratio

lo mp Rordy (892x 107\ (1815) (1.88x 10° 3_552
Callisto  mcar Rean 13 \1.08x 1083/ \ 2400/ \422x 106) ~ 7

lo is volcanically active, with hot molten interior as a risof tidal stresses, whereas Callisto
has cold cratered surface, showing little volcanic agtieibnsistent with the relative lack of tidal
stresses.

1.24 calculate the ratio of the surface gravities of the Moon araiddry. Explain the consequences of your answer
in terms of the impact cratering on each bodylMoon = 0.012MEgarth, Mmercury = 0.0558MEarth, DMoon =
0.27Dgarth, DMercury = 0.381Dgarth) {0.43}

Solution: Surface gravity of body of mass M, radius R is just

GM
Osurface= F,

GMMoon Rl%/lercury _ ( MMoon ) « (RMercury)2
Rlglloon G Mwercury Rvoon '
OMoon

Substitute the values given to get—— = 0.43.
gMercury

Impact craters on Mercury have lower rim walls, and eject@teh travel distance than on the
Moon because Mercury has greater surface gravity.

SO

I\/IMercury
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1.25 Show that the tidal force per unit mass between the centréharglirface of a satellite of radis, at a distance
r from the centre of a planet of mabép and radiusRp, has magnitude given approximately by

2GMpRg
Fridal ~ 3 [3]

Hence, or otherwise, show that a crude estimate of the Roichié Li.e. the distance within which the satellite
will be tidally disrupted - is given by

1
1(Pp)\3
I'disrupt= 23 (__p) Rp,
Ps
wherepp andps denote the mean density of the planet and satellite respécti [7]

Given that a more precise estimate of the Roche limit is thadtce

1
3
rRocheZ 2456(%) RP,
S

calculate the Roche limit for the planet Saturn, assumitag tite mean density of Saturn’s moonspis =

1200 kg n13. [4]
Comment on the significance of your answer for observatiang, formation theories, of Saturn’s ring sys-
tem. (3]
Solution:
F | GMp GMp
TIDAL r — Ro)? r2
GM 1 . .
= P -1 (for a unit mass on the satellite)
rz \(1—Rs/r)?
2GMpRs

3 (sinceRs << )

[3]

Force on a unit mass on satellite’s surface, due to gravipat#llite alone

GMs
Fs= 5
Rs
Tidal force on a unit mass due to planet:
2GMp Rg
T = —r3
Moon is disrupted it > Fs i.e. 2G':"3"RS > (;—“S"ZS
PuttingMs = 37 R3ps, My = 37 R35p,
i ; 1/3 ( Pp 13
= moon disrupted ifr < 2 (E) Rp [7]
- M
For Saturng, = %ngg =620 kg nt3

1/3
= I'Roche= 2456 x (£29)"° R,

= 1.97R, = 1.19 x 10°m [4]
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All of Saturn’s moons and most of Saturn’s rings lie outsitgde this radius respectively. This
is consistent with the theory that dusing planetary foromgttidal forces prevented any material
clumping together too close to the planet. [3]

1.26 Calculate the age of a rock sample which contains 46 partbifien of %K and 12 parts per billion of%Ar.
Assume that all of th89Ar found is the direct result of decay froffK, with a half-life of 1.3 billion years.

Would this rock be considered relatively ancient if foundtioa Earth’s surface? What if it were a Moon rock?
{4.35 x 108 yr}

Solution: We use the half-life formula of the form
N = Noe ™

where is the decay constaniyy is the number of radioactive nucleitat= 0 andN is the number
after a timet.

The relationship betweenand half-life,ty,, is

1
N = ENO at t = t1/2. (l)
1
ENO = Noe_)‘tl/2 (2)
|Ogez = )\.tl/z (3)
log.2 0.693
= et DOEE (@)
ty2 ty2

Since all the’°Ar is a result of the decay frofPK, we must have

Ng = 46+ 12 parts per billion (5)
n =46 parts per billion (6)
58
2T e).t 7
T (7)
58\ 1 58\ 2
t=log, (2) = =log,(>2)- 8
= =% (46) n O (46) 0.693 ®)
where ty, = 1.3 x 10°yr (9)
= t = 4.35x 10®yr = 435 million years. (10)
(11)

Typical surface rocks on the earth are 100-200 million yeltS herefore this is a relatively old
rock on Earth. Moon rocks are much older however, nearo«410° years ¢ 3 x 10° years in
maria.)

1.27 The angular diameter of the Sun as seen from Earth is 32 art#simthis measured value to calculate the radius
of the Sun. Assuming the Sun emits its luminosity like a petridack body, calculate its effective temperature,
and compare this with Earth’s surface temperature.

Solution: no solution available
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1.28 The equation for hydrostatic equilibriumdsP/dz = —pg wherez is the height above the surface of a plamgt,
the surface gravitational acceleratidhthe pressure andthe gas density. Using the ideal gas |Bw= ok T/ u,
whereT is the temperaturé is Boltzmann’s constant andthe average mass of a gas particle, show that in an
isothermal atmosphere (i.e. wheFds constant)P = Pyexp(—z/H), whereH = kTg/(1g). We think of H
as the scale-height for variations in the atmosphere. Wihadtiche pressure profile be if the atmosphere was
not isothermal?

Solution: no solution available

1.29 Suppose the surface of a sphere the same size as the Sun wesddovelectric light bulbs. What would the
wattage of each bulb have to be in order to match the Sun’slosity? Assume the surface area of a light bulb
is 30 cn?.

Solution: Surface area of Sun®2 = 6 x 10" m?. Surface area of bulb 30 ém= 3 x 103 m?,

Number of bulbs= 2 x 10%L. Luminosity of Sun= 4 x 10?6W. Wattage of bulbs= ;‘ﬁgﬁf =
2x 10°PW.

1.30 Compare the tidal force exerted by the Sun on the Earth wéhekerted by the Moon on the Earth. Explain
your answer in terms of the spring and neap tides.

Solution: no solution available

1.31 state Wien's Law, and describe briefly how it may be used. Vithttie effective temperature of an object?
Radiation from Mars is observed predominantly at a wavetengia = 1.45 x 10~° m. Calculate the surface
temperature and hence the implied luminosity of Mars. Tifecéfe temperature of Mars is 217 K. Calculate
the intrinsic luminosity of Mars using this temperatured aompare it with your earlier answer. Can you explain
the difference? Calculate Mars’ albedo.

[W=29x103Km]

Solution: Wien’s law states that for a black body,axT = W whereW = 2.9 x 103 m K is
Wien's constant. By measuring the wavelenigthx at which the spectrum of a body peaks we can
find its temperaturd , assuming it radiates like a black body. This is calleddbleur temperature
TC-

The effective temperaturé, is the temperature a body would need to have to produce its
actual luminosityL if it radiated like a black body. For a body of aréa Stefan’s law gives
L = Ao T} = 4n R%¢ T} for a sphere of radiuR

Using Wien's Lawimaxl.45 x 10-3 mimplies T = 200 K

Then for Mars

Lm =47 R% T} =4 x 3.14x (3.4 x 10P)? x 5.7 x 1078 x (200* = 1.32 x 10'°W

But usingT, we get

Ly =47 R%0 T} =4 x 314 x (3.4 x 10°)2 x 5.7 x 1078 x (217)* = 1.83 x 10*°W

The difference shows that Mars does not radiate exactlyalikiack body.
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1.32 Give a sketch of the main regions of the solar atmosphereatidg the temperature and dimensions.

Using Wien's displacement law calculate the typical wangta and energy in eV of the photons emitted from
these regions, and state the region of the spectrum in wheghlie.

The ionisation potential of atomic hydrogen is.68V. What would the frequency of a photon have to be in
order to ionise atomic hydrogen? What would you expect thisaion potential ogHe anoggFe to be? (Hint:
the ionisation potential of the last electron in an atom @pprtional to 2, where Z is the atomic number.) What
would the corresponding frequency/energy of a photon habe?

The Sun’s luminosity comes from hydrogen fusion in the cdrihe Sun, which essentially converts 4 protons
into‘z‘He. Given the mass of a proton is 1.0073 amu, and the m@émfs 4.0026 amu, calculate thaction
of the mass of a proton that gets converted into energy.

Estimate the relative efficiency of a hydrogen bomb to TNTamse other chemical explosive.
How many kg of H need to be converted i@ﬂde per second to provide the luminosity of the Sun?

(Subversive question: how much hydrogen would be necessdipw the Houses of Parliament 100 metres
into the sky?)

(Hysterical question: How much Hydrogen would be necestadeviate a 1000 m diameter asteroid from
collision course with Earth?)

Solution: See lecture notes — photospher#00 - 500 km (effective temperature 6 000 K), chro-
mosphere~ 2000 km (from 4 000 K— 100 000K near corona), corona several solar radii,
(1LOPK).

Use these temperatures in Wien's lay.,T = 2.8 x 10 mK.

For 6 000 K this gives.max = 470 nm. This will be typical wavelength. In energy units,itgb
energy will be given byE = hv = . With h = 6.63 x 103*Js, anct = 3.0 x 10°ms™* we
obtain

hc 6.6 x 1034 x 3 x 108

— ~5x 10719
A 1.7 x 107

E=hyv=

Convert to eV: 1eV= 1.602 x 10°1%J, so energy in eV isi%o;fg ~ 3eV. (This is in the

visible part of the spectrum.)

Do the same for 10K and 1¢ K. (These will be in the X-ray part of the spectrum.)
lonisation frequency: usk = hv with E = 13.6eV =135 x 5 x 1071°J.

Fraction of mass converted to energy

(4 x 1.0073 —4.0026 _ 0.026

~ 0.007,
4 x 1.0073 4

or about 1%.

In chemical reactions we can only get a few eV per atomic md&sss of H is about 1000

MeV. So efficiency is around 16 or 10-°.

1.33 The gravitational force produced by a body of md®n another of mass is given by—G Mmyr 2

(@ (i) Use this result to show that the surface gravity atEheth’s surface is-G Mg / Ré

The Earth is made up of a metallic core of iron and nickel (4/98%6 iron). The density of iron at
atmospheric pressure and 300 K is about 8 000 Kﬁmnd nickel a bit more, about 9 000 kg*nq’l
The mantle is molten lava with density about 5200 kgdnand the crust is a thin layer (about 100
km or so) of rock with a somewhat lower density.

(i) Assuming that the core has a radius of 2000 km, estinfeeadtal mass of the Earth, and its mean
density assuming that the radius is 6 400 km.

(iif) Given that the measured surface gravity of the Earth&m s 2, estimate the value @®.
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(b)

Solution:

(@)

(b)

(i)

(ii)

(iv) If the core radius was 2 500 km, what value@fwould you obtain?
(i) Calculate the relative size of the gravitationaldes exerted by the Earth and the Sun on the Moon.
(i) Calculate the relative size of the gravitational fas@xerted by the Moon and the Sun on the Earth.

(iii) Tidal forces are proportional t&1/r3. Estimate the relative size of the tidal force of the Sun and
the Moon at the surface of the Earth.

(iv) Discuss the relevance of this result for spring and rtéedgs.

The gravitational force on a particle of mass m at tiéexe of the Earth is G Mg m/ Ré.
Use force = Mass Acceleration oF = maso that radial component givess Mg m/ Ré =
ma. Evidently the m cancels and we have all bodies acceleratitige same rate to-
wards the centre of the Earth. This acceleration is calledstirface gravity. Thus
O =G M@/Ré-

Mass and Mean density

Take core density to be 8 500 kg’ﬁ] say.

Volume in the coreV, = 571 = 3 x 3.14 x (2.0 x 10°)* = 3.4 x 101°m®.

Mass in the core ip.Vc = 8500x 3.35x 10" = 2.9 x 10?%kg.

Volume in the mantleYy, = 3713 — Ve = 1.1 x 107 m~3.

Mass in the mantle ig,Vin = 5200x 1.1 x 10?* = 5.5 x 10°*Kkg.

Volume in the crustVy = V — Vi — Ve = 3.9 x 1019 mS.

Mass in the crust ige Ver = 1.2 x 10°%kg.

The total mass 810 Ver + omVim + pcVe. Substituting in gives a total mass of

5.9 x 10%*kg.

Mean density is given by Mass/Volurae 5 400 kg n3.

(i) Gravitational constant

(iv)

(ii)

Js = GMgy/R2 thereforeG = g4 RZ /Mg. Substituting for mass and radius of the
Earth, and for the surface gravity of88m s 2, we obtain
G=68x10"m3s2kg.

Changing the core radius only chandggdy a small amount, since most of the mass
is in the mantle. For these figures the new valu€as$ 6.6 x 10 **m3s2kg?
Force on Moon due to Earth isS¥&%me. Force on moon due to Sun-is&¥elmeen,
Relative strength of Earth to sun |s graV|tat|onaI force is
G Mg Mmoon 2
~ ot _ Me (Ter?) _ Mo (Tam
—% MO rem2 MO lem .

Substituting values in we get the ratio to be

6x 10°* (8 x 60)°
2X1030x( - ) ~ 3 x 10°° x (4007 ~ 0.6.
X .

Gravitational force of the Sun on the Earth must be facth@ ~ 100 greater than
the Sun’s gravitational force on the Moon. The Moon'’s forcetlme Sun must be the
same as the Sun’s force on the Moon, which is 1/0.6 of the Bddite on the Moon.

Therefore the Sun’s force on the Earth must be ¥00/0.6 or about 160 times the
force of the Moon on the Earth.
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(iii) The tidal forces however go as

Mo (rme>3 2% 10% ( 1.2 )3 05
Mmoon \ Fs_e 7 x 1072\ 8 x 60 o
Thus tidal force due to the Sun and the Moon are of the same ofdeagnitude.
(iv) Neap tides will take place at half-Moon, spring (higldes at full and new Moon.

1.34 Briefly discuss theunaway greenhouse effeeind how it can account for the lack of water on Venus. [5]

Solution: no solution available

1.35 Rocks on Earth may be classified into three main types acutdihow they were formed. Name two of these
types and describe the processes by which they have beeadorm

A further class of rocks are th@imitive rocks. Where are these typically found? [5]

Solution: no solution available

1.36 Briefly describe with the aid of a diagram, the interior stane of Jupiter. What are the two dominant elements
in Jupiter’'s atmosphere? [5]

Solution: no solution available

1.37% Using Newton’s Law of Gravitation, write down the force agfion a point masm at position X which is a
distance from a body of mas#/, and give its direction. Also write down the force on such ssmaif it were
at position Y, a distance+ a from massM, where X and Y lie along the same radius vector. Assurairg r,
show that the magnitude of the force wrat position Y can be approximated to

GMm 2a
FY= |’2 1—r— .

[You may use the binomial theoreml + x)" ~ 1+ nx, for [x| <« 1.]
Hence show that the magnitude of the tidal force between teagses, each of mass at these positions is given

by 2G Mma/r 3. [5]
Explain with the aid of a diagram how the Moon produces tideshe Earth, and why there are two high tides
per day. [4]

Calculate theatio of the tidal force exerted by the Sun at the Earth to that egdoy the Moon at the Earth.  [4]
Explain with reference to the positions of the Sun and the Moby spring tides are stronger than neap tides. [4]
[ mass of Moon= 7.35 x 1072 kg, mean distance of Moon from Earth3.84 x 108 m. |

Solution: (a) Force acting on mass at X, distance from M is

GmM
Fy = 2

f
wheref is in the direction frommto M. Force acting on masa atY, distance + a from M, is

GmM |
— f
(r + a)?2
GmM
-
r2(1+a/r)?
GmM
= —5 (A+a/mnT
GmM
I’2

Fy =

%

(1—2a/r)f by binomial theorem foa <« r
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The tidal forceF is then

Fr = Fy—Fx
GmMa
o —2———f
r

(b) The moon exerts a tidal force on the earth as shown, sathrth> Fc > Fg. The water at
A experiences a maximum pull towards the moon, anB atminimum pull. Thus 2 tidal bulges

moon

B@A o
N/

ocean
appear, and there are 2 tides a day as the earth rotates.

(c) The tidal force exerted by the Sun at Earth is
F ~ 2G M/odotm@rea
oE~ """ 53

R@,E

whereMg is the solar massng is the Earth massg, is the Earth’s radius, anB, g is the Sun -
Earth distance.

The ratio of the tidal force exerted by the sun at the eartihdb ¢xerted by the moon at the
earth is given by

Foe %(RM,E)3
Fum.e Mm \ Ro.E
_ 199x 10% (3.84x 10°\°
~  7.35x 1072 150 x 101
— 0.454
S M E
e, © ©
S E M
e, —oO
S E
C I
M

(d) Tidal force due to the Sun is a significant fraction of that
due to the moon, so the Sun'’s influence cannot be neglectathgSkdes occur when the Sun,
Moon and Earth are aligned (ie at full moon and new moon - seéwo diagrams). Neap tides
occur when the Sun, Moon and Earth are in quadrature (sedidqagtm for an example).

1.38 The dating of rocks can be carried out using the law of radieadecay of unstable isotopes, given by
N = Ngexp(—it),

where} is the decay constant. What axeand N in this equation? What is meant by the half-litg;», for a
radioactive isotope? Sketch a graph\ofrersusdt, clearly marking the position df /2.
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Show thatty/» = (I0gg 2)/A. (8l

A rock sample is found to contain 5 parts per billion of theioadtive isotope of potassiurﬁ?K, and 35 parts
per billion of argon,“OAr. Assuming all of the*CAr found is the direct result of decay froffK, calculate the
age of the rock. The half-life for decay #¥K is 1.3 x 10° years.

If this rock were found on Earth comment on whether its agelevba typical of Earth rocks. [5]

Heating by radioactive decay of naturally occurring unkgtéotopes is believed to be the main source of energy
within the Earth which drives plate tectonic activity. Gie name of one other radioactive element, apart from
potassium, which contributes to this heating, and briefjyl@r what the ternplate tectonicsneans. [4]

Solution: no solution available

1.39 (a) Whatis meant by the effective temperature of a stelldyBo [1]
The effective temperature of the Sun is 5800 K. Calculatdltheat the surface of the Sun, and give the
units of flux. [3]
Hence calculate the luminosity of the Sun. [2]
The monochromatic flux Ffrom the Sun peaks in the visible region. At what colour ispieak? [1]

Saturn is approximately 10 times further away from the Samtthe Earth is from the Sun. Give the
approximate value for the ratio of the Sun’s flux falling orti8a to that falling on the Earth. Justify your

answer. [3]

(b) The ideal gas law may be expressedPas- l[jkT-l:' Give the meaning of all the symbols used in this
equation. [3]
The atmospheric pressure at Venus's surface is 90° N m—2. Comment on how this compares to the
atmospheric pressure at the Earth’s surface. [1]
Assuming that the surface temperature of Veau&0 K, and that the atmosphere is entirely made of
carbon dioxide (C@), calculate the surface density of Venus’s atmosphere. [2]
Calculate the scale height for G@n Venus, and the pressure at this height, assuming an isahe
atmosphere. [4]

[ Assumen = 12+ (2 x 16) for COy, and surface gravity of Venus 8.88 m s2, ]

Solution: no solution available

1.40 (a) Give the equation for the magnitude of the gravitatidoete produced by a body of mass on another
massm separated by a distanceIn what direction does the force act?

Hence show that the surface gravity on a planet of m&smnd radiusk is given byg = GM/ R2. [4]
A measurement of surface gravity on the Moon gives a valug,ghg= 1.6 m 52,

Calculate the mass of the Moon. [3]
Calculate the ratio of the surface gravity on Jupiter to tmaPluto. [3]

[ radius of Moor= 1.74 x 106 m ]
(b) Explain with the aid of a diagram how the Moon producessidn the Earth and why there are two high
tides per day. [4]

Tidal forces are proportional tv/r3 whereM is the mass of the body causing the force arid the
average distance frofdl. Calculate the relative size of the tidal force exerted ley$hin at the Earth to
that exerted by the Moon at the Earth. [3]

Explain with reference to the positions of the Sun and the Meby spring tides are particularly strong. [3]
[ mass of Moon= 7.35 x 1072kg, mean Earth-Moon distanee 3.84 x 108 m. ]

Solution: no solution available




1 Solar System Physics 21

1.41 The Earth has an average density &f & 10 kg m~3 and a radius of 6400 km. Calculate its total mass. [3]

The interior of the Earth consists of a dense core, surralibgea mantle and a crust. If the core has a radius
of 3500 km and an average density of £2103 kgm~3, what is the mass of the core? Hence calculate the
percentage of the mass of the Earth which is contained irofes ¢ [3]

All the terrestrial planets are believed to contain densed\Name the process by which such dense cores have
been formed. [1]

The core of the Earth is partially in liquid state. Which atherrestrial planet is believed to have a partially
liquid core and what evidence do we use to infer this? [2]

Solution: no solution available

1.42 Wwrite down expressions for:

(a) The theoretical temperatufeof a planet of albed@\ at a distanc® from the sun, the latter having radius
Re and temperaturég.

(b) The scale heighitl of the atmosphere of a planet of gravgynd temperatur& for particles of masm.

Hence show that the value &f for planets with the same values Af m andg should vary withD according
toH o D12,

One such planet at distanBg hasA; = 0, while a second ha&, = 0.4. At what distancd, must the second
planet lie in order to have the sarikas the first?

Solution:

@ T =To(l— AY4[R,/(2D)]"?

(b) H =kgT/(mg

Sincem, g are the sameil o« T. SinceA is the sameT o« D~%2, HenceH « D~%2,

T = T@(l—/x)l/“(&)l/2

2D
Ry 1/2
Al=0=T = Ty|=—
1 = I ®(2D1
1/2
Ab=04=T, = (0.6)Y1, Ro
2D,
Tl — T2 = DIl/z — (06)1/4D2—1/2
D, = +/0.6D,

1.43 Explain how the earth is known to have a liquid core. If thisechas radius 0.5 of the earth’s radius, find the
semi-anglep of the zone over which no seismic S-waves are detected.

Solution: Earthquake at E is detected by P (pressure) and S (sheanjseiaves. S-waves cannot
pass through liquid, so presence of S-wave shadow conedsiuid core.
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Liquid Core

() —E
N

Shadow

¢ =180 — 2 x (90° — ) = 20. Butr/R = sinf = sin¢/2. Ifr/R = 0.5 then¢g = 60°.

1.44 (a) Show that for planets of the same density, the surfacgtgia proportional to radius, i.eg o< R.

(b) If gas giants have a density one quarter of the rockysaieds, show that a gas giant of 4 times the earth’s
radius would have the sange

Solution:
(8) g=GM/R? = 7R3 G/R? = 27 GpR. Henceg o pR. If p is identical for the planets
in question, themy o< R.

(b) Let the earth be denoted by subsceptand the gas giant by subscript J. Then

G MRS R
9 M;RE o5 R;

Hence ifp; = pg/4 andR; = 4Ry, theng; = gg.

1.45 (a) Show that a planet of magd comprised of constituent particles of mass formed by gravitational
shrinkage to a radiuR from a structure of much greater initial radius, would hafermation temperature

To given approximately by
__ GMm

To A~ ——
0 kgR
if cooling processes are neglected. [6]
(b) Show also that such a young planet would then cool by tiadian a timescale given approximately by
kgM K*R
TR =
droR2ZmTS  4nG3oM2m?

if heating by the sun is relatively small in comparison. [8]
(c) UsingM = 47 R3p/3, expresd and in the form
T 47GpR?m C~ 9kg
0 3Kg 640 73G3R5p2m?
[2,2]

(d) If all the terrestrial planets are taken to have the samaad p this would imply Tg R? andt o« R™3.
Use the data ofRR in the handout to rank the inner planets and the moon in isargarder of: (a)Tp;
and (b)z in this approximation. [1,1]

Solution:
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(a) Gravitational energy lost per particle goes into heat, s

[ GMm}r:OO ~ GMm
rl_r R
The thermal energy per particle can be approximatedsag, hencekg To = GMmM/R. So

if there is no cooling, then
_ GMm

Tf\/
™ keR

(b) Let E be the total thermal energy, so that~ kgTy x number of particles. Hencé =~
M/m x kg To. The rate of loss of heat by radiationlis= 47 R?s T Ignoring solar heating,
a crude approximation for the characteristic timefoto decline is
E

TR —

L
M
ke,
mBOX

%

4r R2o TS
MKg
mdr o R2T3
MKg GMm\?
mroRE ( ksR )
KiR
Ao G3M2Zm#

&

(c) SinceM = 47 R3p/3, then

mp R?

_ G4nR3pm/3 _ 4
Kg

Ty = — 2PV _a)
0 ksR 3"

and also . .
kiR 9 9 kg

"= 2noGPmt ~ 1672R6p2 | 6413 0 GOt p2RE

(d) Ranked in order ofy(cx R?): moon, mercury, mars, venus, earth

Ranked in order of (x R™°): reverse of above.

1.46 A meteoroid has mass and speed on entering the atmosphere. If it stops in a distanand all its kinetic
energy goes into light show that its luminosity is about

L mo3
2L

and calculatd for m = 0.01 kg,v = 30kms L taking L = 10 km.

Solution: Energy lost in stopping i€ = mv?/2. Time taken to stop is= L /v so mean rate of
energy loss = luminosity it = E/t = mv3/2L

Numerically we haven = 0.01kg,v = 3 x 10m s? L = 10)m soL = 0.01 x (3 x
10%3/10* = 2.7 x 10° = 2.7 MegaWatt.
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1.47 If the earth had no atmosphere and a very dark surfAce () its theoretical temperature would be 280 K.
To what value wouldA have to increase to result in this temperature falling tdréezing point 273 K of water?

If such an albedo change persisted and resulted in the whdigce of the earth becoming covered in snow
(A = 0.7) to what temperature would the earth’s surface fall?

Why is the earth warmer than these calculations suggest?

Solution: Let the earth’s temperatui®e = To whenA = 0. ThenT = To(1— AY* « (1 — AY4
To reduceT from 280K to 273 K we need

T 273
1-AY* = — =="-0.975
( ) To 280

SOA=1-0975%=1-09=0.1
If the resulting snow raised to 0.7 we would geT = Ty(1 — 0.7)/4 = 280x 0.74 = 207 K.

Actual earth temperature is higher because of the atmasp#ianketing (‘greenhouse’) effect.

1.48 By considering the forces acting on a small cylinder of gas igravitational field, derive the equation of
hydrostatic equilibrium,

dP

ar = r9,
whereP is the gas pressure,is the distance above the planetary surfacis, the gas density anglis the local
gravitational acceleration. [8]
What is meant by th&pressure scale heightf a planetary atmosphere? [2]

Sketch a graph showing how the pressure of a planetary atramsvaries with height above the planet’s
surface. [2]

The pressure scale height of an atmosphere at tempefaigrgiven by
Ho — kT
p= mg’

wherem is the average mass per particle in the atmosphereg @nthe gravitational acceleration at the surface.
Given the data below, and any information you may need franahle of astrophysical constants, calculate the

ratio of the pressure scale heights of the Martian and Teiakatmospheres. [5]
Data:
Planet Mass Radius Atmospheric | Average mass
Temperature | per particle
Earth | 5.97 x 10?*kg | 6.38 x 10°km 20°C 28.9m,,
Mars | 6.42 x 1073kg | 3.39 x 10°km —50°C 44.0mp

Solution: We assume that the density of gas in the atmosphere is splhesymmetric. The
bottom of the cylinder is a distancefrom the centre of the planet. Let the area of the cylinder be
a and its height belr. Suppose the cylinder contains a masef gas.
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3 8
T N

4 )
)

lower

In the following we take upwards as positive. The horizofdgates on the walls of the cylinder
cancel out. On the upper face, there is a downward force alpiessure exerted by gas above the
cylinder:

Fupper= —AP(r +dr) .

There will also be a downward force due to the weight of atrhesp above the cylinder, but we
don't consider that here since it will also apply to the lovsre. On the lower face, there is a
upward force due to pressure of the gas below the cylinddrdawnward force, due to the weight

of the gas in the cylinder:

GM(r)m
I:Iower = AP(I’) -T2

’

where M (r) is the mass contained within radiugrom the planet’'s centre. In writing the above
equation we take into account the fact that<< r. Using

GM(r)
and
m = pAdr,
we have:

Fiower = AP(r) — Apgdr .

Hydrostatic equilibrium implies that there is no net forcetioe cylinder, sd~ypper+ Fiower = 0.
Therefore,
AP(r +dr) — AP(r) + Aogdr =0,
and thus,
Pr +dr)—P()
dr N

—pg.
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By taking the limitdr — 0, we obtain the required equation of hydrostatic equilitori
dP
ar — P9

The pressure scale height is the characteristic lengthwhlieh the pressure changes signifi-
cantly (by a factoe).

pressure

0 10 20 30
altitude

Pressure scale height ratio of Martian (M) and TerrestEalagmospheres:

HY TwmMege

HE  TeMwom
_ Tvme MeR2
~ Temy My R2

Using the data above and those in the notes, we have (nottioge convert the temperatures

to degrees Kelvin):

HM _ 223x 289 x 0.53% _ 133

HE ~ 293x44x0.107
The pressure scale height on Mars is slightly larger thananthiEwhich means that the pressure
there decreases slightly more slowly with altitude than amtle (A more accurate calculation

gives a ratio even larger than the one we have just obtaingdtib below 2).

1.49 Describe the four basic geological processes which affecsurfaces of the terrestrial planets. In each case
detail how they affect the surfaces of each planet and Eambbon. [10]

What consequences do these processes have on the age ofttiie gtaface compared to those of the other

terrestrial planets? [1]
Describe what is meant by the tef@reenhouse effect" [2]
Explain, with the aid of a suitable diagram, why Venus hasraway greenhouse effect. [4]

Solution: no solution available
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1.5Q Sketch the internal structure of the planet Jupiter, shguhie different layers in its interior and indicating what
each layer is made of. [3]

Jovian planets are rapid rotators (for their size) and areposed mostly of fluid (gases, liquids). Describe
two consequences of these properties for the planet Jupiter [2]

Solution: no solution available

1.5 Following earthquakes, waves of two forms propagate thrdhg interior of the Earth: s-waves and p-waves.
Describe the main features of these types of waves. How thedsehaviour of s-waves tell us that the Earth’s
core is liquid? How can the presence of a liquid core be irfefrom the magnetic field of the Earth? [5]

Solution: no solution available

1.52 Wwhat are the oldest know objects in the solar system and by wisamethods is their age normally estimated? [2]
What factors influence, or have influenced the Solar Rotatite?? [2]

What is the relevance of this to theories of the origin of tlampts? [1]

Solution: Meteor(ite)s and related debris. Ages normally estimatedadioactive dating and
cosmic ray exposure. [2]

Loss of angular momentum by transfer to centrifugal diskmaegnetic field - mainly to Jupiter
orbital angular momentum. 2]

Centrifuging removed mass from protosun into a disk whiademsed as planets etc. [1]

1.53 Why are the atmospheres of terrestrial planets devoid eftisgirogen and helium while the giant planets are
composed mainly of these? [3]

How and why is the composition of the Earth’s atmosphere detely different from that of the other ter-
restrial planets? [2]

Which terrestrial planet, besides the Earth, Has liquid iroits core? How do we know this? [2]

The core of the Earth comprises 5% of the Earth’s total madgshais mean density 1.6 times higher than
the overlying layers.

Find:
(a) the core radius as a function of the Earth’s radius; and [5]
(b) the angle subtended at the Earth’s centre by the seisiwav8 shadow. [5]
Solution:

kT\Y?> T2
frms <F> = mi

2GM
Vesc = T = v/ Zg R X gl/z R1/2
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Escape of atmosphefeasiyms/vesc 1

terrestrial have high T, low g, low R

giants have low T, large g, large R

H, He have low m so higlayms [3]

In contrast with Venus and Mars, mainyO,, the Earth has littl€C O, and a lot ofO, thoughO,

highly reactive. This is because of (plant) life convert@@, — O.. [2]
Mercury. It has a magnetic field which needs a liquid metaé¢ ¢orcarry current. [2]
Pc%ﬂrg

a) Fraction of masg =

37 R3+pm 37 (R3—R3)

16 \nd
1 1
=19x16=3-1=n’= I+1.6x19

—op —tarrl R — tamln —
b)6 =2¢ =tan! = =tan'n =176

= angle= 20 = 35°.2 [5]
1.54 Name and describe the four basic geological processeshihyae she surface of the terrestrial planets. [4]
Why is the lunar surface more heavily cratered than the saré&the Earth? [1]

Solution: The four geological processes are

Impact crateringimpact craters formed by asteroids or comets strikinggtlaeurface.

Volcanism eruption of molten rock (lava) from below planets crustoosairface.

Tectonics disruption of planets surface by internal stresses.

Erosion wearing down/building up of surface features by actionioidiwater/ice-‘weather’. [4]

Ongoing volcanism/tectonics/erosion on Earth result intiomal creation/destruction of crust -
significantly altered since periods of ‘heavy bombardmenti contrast most of lunar surface
unchanged since period of heavy bombardment - also no er@sicatmosphere). [1]

1.55 Derive the expression for the half-life of a radioactive aeprocess. [3]

Some unusual meteorites thought to originate from Marsatorgmall amounts of radioactive thorium-232
and its daughter decay product lead-208. The half-liferdecay process is 14 billion years. Analysis of one
such meteorite shows that 94% of the original thorium resaifow old is this meteorite? [2]
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Solution: The number of atoms decayimgN in time intervaldt is proportional to the number of

original atomsN

dN/dt = —AN = N = Npe*' whereN, = original number of radioactive atoms.

When half the originaNy atoms have decayetll = Ng/2
=e=1/2

so half-life ti, = —loge(1/2)/1 = 0.693/1

The half-life for this decay process is 3410° years so

A = 0.693/14 x 10° x 365 x 24 x 60 x 60
157 x 10718

94% of the original thorium remains, so

N
094=— =g
No

l0g,(0.94) = —1.57 x 10~ %

sot = —0.06/ — 1.57 x 10718 = 3.94 x 10'6 seconds
meteorite is 12 x 10° years old.

[3]

[2]
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2 Positional Astronomy

2.1 Draw a celestial sphere for north latitude®48ndicating clearly the zenith point, the north celestialepand
the horizon. Mark in the cardinal points of the horizon anadin the celestial equator. The date is March 21;

mark in the Sun’s position at noon. [5]

sun here at noon on
vernal equinox

NCP

celestial equator:
zero declination
S

N <]
Obs horizon

2.2= Draw a celestial sphere to indicate clearly the relatiqgmétgitween the equatorial coordinate system of right
ascension and declination and the coordinate system gftieclatitude and longitude. Indicate the Sun’s
position on 21 June. What is its declination at this time? [5]

Solution:

Solution: no solution available

2.3 Draw a celestial sphere for an observer on the Earth’s eguisitark in the north and south celestial poles and
the celestial equator. Mark in the Sun’s approximate pmsiéit noon on 21st December. [5]

Solution:

g sun at noon on

Dec 21st

N - S

2.4 Indicate clearly on a diagram the position of an inferiomgliawith respect to the Earth and the Sun for the
following configurations:
(a) Inferior conjunction
(b) Superior conjunction
(c) Maximum elongation east

(d) Maximum elongation west. [5]

Solution: no solution available
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2.5 Define a great circle on the surface of a sphere. Explain wisytype of curve is particularly important. What
is the length of the great circle arc joining the two pointstlom surface of the Earth with geographical latitude
and longitude (60N, 90° E) and (60 N, 90° W)? [5]

Solution: A great circle is the intersection of a plane through the reenf the sphere with the
surface of the sphere. Its radius is the same as the radibe sphere itself.

This type of curve is important since the shortest distamte/den two points on the sphere is the
great circle arc joining them. This great circle arc is ueiguless the two points are diametrically
opposite, in which case any great circle through one postt phsses through the other.

The meridian of longitude 9& is the great circle joining the first point to the north po¢hen
produced beyond the pole it continues as the meridian ofitiachey 90W, also a great circle arc.
Hence the great circle joining the two points passes thrdlgimorth pole. Since each point is°30
from the north pole, the great circle arc joining them is dieaf length 60.

2.6 Two placesA and B on the same parallel of latitude 38 N are 12319 apart in longitude. Calculate, in
nautical miles,

(a) their distance apart along the parallel

(b) the great circle distanc&B.

{5786.5 nmi; 5219.7 nmi}

Solution: Distance along the parallel of latitudeB

= difference in longitudex cos(latitude

Distance along the great circle a8 is obtained from the spherical triandPB, by applying the
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cosine formulayiz

c0SAB = cosPAcosPB + sinPBcosAPB
= c0s(90° — 38°33) cos(90° — 38°33)
+ sin(90° — 38°33) sin(90° — 38°33) c0s(123°19)

= sin? (38°.55) + co< (38°.55) cos(123.3167)
= 0.05243

AB = 86°.9946
= 5219.67

AB = 52197 nautical miles.

2.7e Define carefully the coordinate system of terrestrial latét and longitude and compare it with the celestial
coordinate system of right ascension and declination. [6]

Derive a formula to give the shortest distance between timipon the same parallel of latitugewhich differ
in longitude by an amoumt . Explain carefully how this distance may be expressed iticaumiles. [5]

A star is observed at the zenith at Glasgow University Olagery (5554 N, 4°18 W). At the same instant of
time a second star is at the zenith at the University of Heidbservatory (6009 N, 24°57 E). Calculate the
right ascension and the declination of each star if the Gvadnsidereal time at this instant is hgm. [6]

Solution: Treat the earth as a sphere. Rotation axis intersects suifiageographical north

and south poles P and Q. The great circle with poles p or g isdbator. Meridians of (constant)
longitude are semi-great circles terminating in p and q. drieethrough Greenwich (g) is arbitrarily
chosen as the prime meridian of zero longitude. Paralle(saistant) latitude are small circles
with poles p and g, and are therefore parallel to the equator.

Through any observer o there is a unique meridian of longitoig and parallel of latitude uvo,
and the latitudep and longitude. of this observer are defined as

¢ = 90°— po
A = Gpo

A is the longitude east, and is measured anticlockwise. Natitide is positive, south negative.
Longitude west may be regarded as negative.
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Let C be the earth’s centre. Consider a geocentric celesifare with the earth inside it. Let
Cp, Cq, Co and Cg be produced, intersecting the celestigreph P, Q, O and G. Then P and Q
are the north and south celestial poles, O is the zenith éoolbiserver at o, and G is the zenith for
the observer at g.

Parallels of latitude project into parallels of declinatiand the meridians of longitude into merid-
ians of right ascension.

An arbitrary meridian of RA must be chosen as the zero for RiAis Ts chosen to be PQ,
whereY is the sun’s position at the (northern) vernal equinox. TAeaRd dec of a star X are then
defined as

= 90— PX
a = YPX
a is measured eastwards, like longitude. The hour angle of i, iwhere H=0OPA, measured
westwards.

For any object we have + H=HAY=LST (Local Sidereal Time), and LST = GSTAtwhere
GST is Greenwich Sidereal Time.

Let the two points be X and Y, and let P be the geographicahmmte. Then PX=PY=90- ¢,
and XPY=AA. Apply the cosine formula to get
cosXY = sir? ¢ + coS ¢ COSAA
To convert XY into nautical miles, express it in degrees andtiply by 60. Note that the shortest
path does not follow the parallel of latitude.

The declination of the zenith i, the observer’s latitude. Let 1st star hawg, §,), and the
secondao, 8»). Let Glasgow bégg, Ag) and Helsinki, (¢, An). Thens; = ¢g = 55°54, and
8 = ¢ = 60°09. Now GST = 1841M and LST = GST +..

A1 = 4918W= —0"17™12E. Hence at Glasgow, LST = 183"48°. Since zenith is on the
observer's meridian, H = 0. Therefosg = LST = 1623485,

For the second staky, = 24°57E = 1"39748°, - LST = 1641 + 1"39M48° = 18"20M48°.
Again, the star is at the zenith, so H = 0, and= LST = 18"20M48°.
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2.8 Define carefully the terms conjunction, opposition and gaade as they are applied to a superior planet. Define

further the sidereal period and the synodic period for syslamet and explain how they are related.

The planet Mars moves round the Sun in an orbit of semi-majix B52 astronomical units. Calculate its
sidereal period of revolution in years. [2]

Making the approximation that the orbits of Mars and the Eare circular and coplanar, calculate the synodic
period of Mars in years and the interval of time in days betwagposition and quadrature for this planet.

Mars is observed at quadrature on March 21. Calculate it séiscension and declination at this time.

Solution: no solution available

2.9 Define carefully what is meant bygarallel of latitudeand ameridian of longitudeillustrating your definition

with a diagram. Explain the conventions that are used igassj a latitude and a longitude to a position on the
surface of the Earth. Give a formal definition of thautical mile [6]

State, without proof, theosine formulaof spherical trigonometry. [2]
Prove that the shortest distance between the two p&ptand P, on the Earth’s surface with geographical
coordinates¢1, A1) and(¢2, 12), latitude and longitude respectively, is given by

cosd = singj Singo + COSp1 COSPo COA1 — A2). n

Find the length in nautical miles of the shortest air routerfDunedin (4551 S, 17030 E) to Los Angeles
(3357 N, 11821 W). [5]

Solution: A parallel of latitude is a small circle parallel to the equraaind therefore having the
north and south geographical polse as its poles. A merididongitude is a semi-great circle
terminating at teh geographical poles, eg NXS.

7

The prime meridian of longitude is arbitrarily chosen asrtiexidian of longitude through Green-
wich, G. The point X has latitude and longitugea defined by

¢ = 90° — NX
A =GNX

Longitude (east) is measured in an anti-clockwise direci®seen from above N. Longitude west
can be treated as negative. North latitude is positive;hsoegative.

The nautical mile is the distance on the earth surface thzesds one arc minute at the earth’s
centre.

In spherical triangle ABC, the cosine formula is

cosa = cosb cosc + sinbsinccosA

(5]

(7]
(3]
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The shortest distance fromy Ro P, is the great circle arc joining them, which is part of the
spherical triangle NFP;. In this triangle, NP = 90° — ¢1, NP, = 90° — ¢, and RNP,=GNP,-
GNP, = X, — 1. So the cosine formula gives

cosd = cog90° — ¢p1) cO90° — ¢p2) + SIN(90° — 1) SIN(I0° — ¢p2) CO A2 — A1)
= Sing, SiNg, + COS¢p1 COSH, CO Ay — A1)

Taking R, to be Los Angeles, and,Ro be Dunedin, we have

¢1 = 33.85
¢» = —45.85

A = —118.35= 241°.65
Ay = 170°.5

A1 —Ap=T71°.15
Applying the formula:

cosd = —0.21277
= d = 102.285

Multiply by 60 to convert to nautical milesd = 6137.1 nautical miles.

2.1Q Define carefully the coordinate systemeafliptic longitudeandecliptic latitude Indicate how a star’s ecliptic
coordinategi, B) are related to its right ascension and declinatiar$) by identifying the appropriate spherical
triangle on the celestial sphere. In particular prove that

COSA COSf = COSw COSS. (8]

Estimate the date when the Sun’s ecliptic longitude isa&id calculate the Sun’s right ascension and declination
for that date. [12]

Solution: Consider the geocentric celestial sphere as shown:
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P is North Celestial Pole, K is pole of the ecliptit, is the vernal equinoxs is the obliquity of
the ecliptic,A is ecliptic longitude 8 ecliptic latitude,« right-ascension, angéldeclination of star
X. ThenKX =90° — B, YKX =4, PX =90 — §, YPX = a. HencePK X = 90° — 1 and
KPX=9® +a.

Applying the sine formula t&AK P X we have

sin9® —5)  sin(90° — B)
sin(@® — 1)  sin(9® + «)

that is,
COS)A COSB = COSa COSS

Sun is on the ecliptic, and therefofe= 0; treating earth’s orbit as circular, it moves round the
ecliptic uniformly. From the diagram, S is the sun; join P8 @noduce to cut the equator at T.

Sun is atY on March 21, hence itis at S a timhdater where = 36525 x 45/360 = 45.65
days. Hence the date is 46 days later than March 21, namelycihay

From the first part of the question,
COSA, = COSa, COSS
Applying the sine rule to the triangleYsT yields
SinAg = SiNdy/ Sine

Inserting the values = 235°, 1o = 45 yieldss, = 16°.377 = 16°22 .6.

Using this value o, we get the right ascension from
COSw, = COS\Ay/ COSS, = 0.737

yielding ag, = 42°.523 = 2".8348 = 250m05°

2.11 Anaircraft leaves Lima (1200 S, 7705 W) and flies directly to Rome (463 N, 12°33 E). Draw a diagram
marking the position of Lima and Rome, and the great cirdlgng them.

(a) Calculate the distance travelled in nautical miles.
(b) Calculate the aircraft’s bearing as it approaches Rome.
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(c) Determine the longitude of the point on the flight where &frcraft crosses the Equator.

{5869 nmi, 99.357 69, 6335}

Solution:

Let (¢1, A1) denote the geographical coordinates (latitude and lodgjtof Lima, and¢,, A2)
those of Rome. Then the great circle distadas given by the formula

cosd = sing; Sing, + COSp1 COSP, COS(Ap — A1),
The values that we have for the coordinates are

¢ = —12°10 = —12°.166 67 ¢, = 41°53 = 41°.883 33

r=-7705 1,=1233
So, Ay — ;= 8938 =89.63333

Inserting these values in the equation gives
cosd = —0.13605

d = 97°.819 15= 586915 nautical miles

On the diagranT represents LimaR Rome andN is the geographical North Pole. In spherical
triangleNLRwe were effectively givemNL, NRandLNRand we have worked olR.

Let X be the point where the flight path crosses the equatoen™X = 90°. Let us call angle
XNRAA. If we can work out this angle the problem will be solved. Hgerin spherical triangle
NRXonly two parts are known, namelNRandNX. A third one is required if we are to determine
AX. The obvious part is to use is andgidRX since it is also a part of the original trianghRL
Let’s call it 6. It is the bearing required in (b).

From the sine formula in spherical triangi&kRLwe have

sind = sinNRL = sinNLSsIinLNR/ sinLR = cos¢; sin(A, — A1)/ sind
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Inserting the values we find that gin= 0.986 69. The sine formula is always ambiguous and this
gives two possible values fér, namely 80.642 31 or 99.357 69.

In this case this is not a problem for the plane obviously aggines Rome from the south and so
0 = 99.35769. The ambiguity could have been avoided by using theedsrmula insteadyiz

sing; = sing, cosd + cosp, sind cosé,

thus could provide a useful check.
Reverting to spherical triangldRX we use the four parts formula

COSAA Sing, = cos¢, cot 90 — sin A cotd,

i.e. tanAA = —sing, tané,
This givesAA = tan! (4.051 30 = 76°.13461= 76°08,
So the required longitude {42°33 — 76°08) E = 63°35 W.

2.12 Two seaports are on the same parallel of latitud®2Z2N. Their difference in longitude is 1336. ShipA sails
along the parallel of latitude from one port to the other,le/ship B follows the most direct great circle route.

Ship B sails at a constant speed of 20 knots. How long will it takectmplete the voyage?{10920148™} [12]

What average speed will shifa have to maintain to complete its voyage in the same time gsBRi {23.36

knots} [8]
Solution:

great circle

from P to _
— small circle

- equator

Let ¢ be the latitude of the two seaports andAet be their difference in longitude. Then

¢ = 4227 = 4245
AL = 13736 = 137.6°.

We calculate the length of the great circle &©Q. This is best considered as a part of the spherical
triangle N P Q, whereN is the geographical North Pole. In this triangle we can idfignt

NP=NQ=90 — ¢,
PNQ= Ahx.
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So using the cosine formula yields dB€) = sir’ ¢ + cos ¢ COSAA.

Inserting the values giveB Q = 86.9330 = 521598 nautical miles

Since shipB covers this distance at 20 knots, it is easily worked outtti@aturation of its voyage
is 260.8 hours, i.e., 10 days 20 hours 48 minutes.

Ship A is following the longer parallel of latitudé, which is the small circle ar® Q with pole
N. We find the length of this arc as

small circle ard® Q = AASINNP = AA c0S¢.

This length is readily calculated as 18304 = 60918 nautical miles. Since this distance is to
be covered in 260.8 hours, the required average speed id fole 23.36 knots.

2.13 calculate the length in degrees of the great circle arcrjgiBan Francisco (320 N, 122°25 W) and Tokyo
(35°48 N, 13945 E). {76.95°} [9]

What is the shortest distance between these two cities iticahmiles? {4617.03 nmi} [2]

An aircraft leaves San Francisco at 10 pm local time on Auglisind flies directly to Tokyo maintaining an
average speed of 480 knots. Calculate

(a) the duration of the flighfoh1sm} [3]
(b) the local time and date of arrival in Toky¢00:18} [6]
Solution:
N
180 — A, 180° — [Aq]

On the diagram let the pointS and T denote San Francisco and Tokyo respectively andNlet
denote the geographical North Pole. L®&and T have geographical coordinatés;, A1) and
(¢2, L) respectively. So from the data we have

¢1 = 3740 = 37.6667, Ay =-—12225 = —-1224167
¢, = 35°48 = 35.8°, Ap = 13945 = 13975

using the convention that north latitudes and east longg&wate treated as positive.
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We consider the spherical triangéST in which we can identify the following partd\ S =
90° — ¢1, NT = 90° — ¢, and, since the plane is flying in the directiondscreasingongitude
(east)SNT = A; — A, . This gives the surprising answ&NT = —2621667: but that is the
same thing as 98333, since we are always at liberty to add or subtract’3@pplying the cosine
formula to spherical triangl®&l ST gives the result

CoSST = singy Sing, + COSp1 COSPo COI A1 — Ap).

Inserting values yields cdT = 0.269946 , i.e.ST = 74.3390C. Since one degree is 60 nautical
miles, the distance from San Francisco to Tokyo is found t4486.34 nautical miles.

The flight time in hours is then found to be 4488/480, which is 9.2924 hours, or 9 hours 18
minutes.

Since the plane leaves at 10 pm on 21st August, it will arrivé.87 am on 22nd August.
This, however, will be in San Francisco time. Now Tokyo is @itsoahead of Greenwich due to
the longitude difference, and San Francisco is similarlp@rh behind Greenwich. Consequently
Tokyo is 17 hours ahead of San Francisco. The local time ofahin Tokyo is, therefore, 7.18
am+ 17 hours, which will be 12.18 am on 23rd August. The additiatzyy arises because the
International Date Line has been crossed during the flight.

2.14 Using the result of the previous question, determine thectiion in which an aircraft should depart from San
Francisco to follow the most direct route to Tokyo. Calcel&irther the latitude and longitude of the most
northerly point that will be reached on this direct rout&6°34' W of N; 48°39 N; 16938 W}

Solution: We will use the same notation as in the previous question. Khlogvn data are as
indicated in the diagram.

Let us use the analogue formula in spherical triaitdBI to work out the spherical anghST,
yielding,

sin 7420 cosNST = cos 5412 sin 5220

—sin5412 cos 5220 cos 9750
i.e cosNST = 0.55105
NST=56"34

So the plane departs from San Francisco on a bearing°8#5&est of north.
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Let P be the northerly point of the aircraft's route. At this pdiris flying due west and sNPS
is a right angle. We now consider th espherical triamgfRSin order to determine the latitude and
longitude of P. Note thatNP is the colatitude oP and thatPNSis the longitude difference d?
from San Francisco. By the sine formula,

sinPN = sinNSsinPSN

sinceNPSis aright angle. Itis then found thiP = 41°21 and so the latitude d? is 4839 N.

Finally let us use the four-parts formula to derive the afj& We have

cOoSPNS= tanNPcotNS
= 0.67919
PNS= 4713

Adding this to the longitude of San Francisco gives the ltutg of P as 16938'W.

2.15 The altitudes of a star at upper and lower transits (bothhnafrthe zenith) are 623 and 1407. Find the
latitude of the observer and the star’s declination andutatle the star’s altitude, azimuth and hour angle when
itis at its maximum azimuth wes{.s = 64°19; ¢ = 39°42; a = 45°08; A= 3717}

Solution: Let Z be the zenith, and P the pole in the diagram.

+y_Z
Q

+

pd

horizon

The diurnal path is the small circle with pole P. L¢t, X, be the star at upper and lower transit.
ThenP X; = P X, =90° — 8, NP = ¢ whereN is the north point of the horizon.

65/deq@3 = NX; = NP+ PX; = ¢ + 90 — §
1401 = NX, = NP — PX, = ¢ — 90° + delta

that is,
¢+6=10401, —¢p +68 =2437

Hence¢p = 3942, 5§ = 64°19. Let X be star’s position at maximum azimuth. Then PXZ=90
Also, PZ=90 — ¢, PX=90 — ¢, ZX=90°—a, ZPX=H, PZX = A (W of N). Solve for a, A, H from
the triangle PZX.

From the cosine rule,
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sing = sing sina + cosé cosa cos 90

So

sina = sin¢ cscs

= 0.70879
a = 4508
From the sine rule,
SinA B sSin 90

coSs  COS¢

yielding
sin A = cosése® = —0.56329

so thatA = 34°17.
The four-parts formula can be used to get H:

sing cosH = cosé tang — sinH cot 90

implying cosH = tang cots = 0.39926= H = 66°47 = 4"25™.9
Alternatively the sine or cosine rule can be re-applied taige same result:
sinH  sin90
cosa  COS¢

sina = sing sin¢g + cosé cos¢ cosH

2.16 cCalculate the azimuth of the Sun at rising on Midsummer'sats8tonehenge (latitude 500 N) at a time when
the obliquity of the ecliptic was 2318

Solution: On midsummer’s day the Sun reaches its greatest northetlipdgon, namely = +-«,
wheree is the obliquity of the ecliptic. The required sphericaatgle will beZPX (zenith - pole
- Sun), in whichPS= 90° — «.
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Since the Sun is risingX = 90°, andZP = 90° — ¢, whereg is the observer’s latitude.
The anglePZX s the azimuth east of north or minus the azimuth west of north

By the cosine formula

€co990" — ¢) = cos 90 cog90° — ¢) + sin(90° — ¢) cosA

i.e Sine = c0S¢ COSA.
50 cosA= SN2348 6436
cos 5210

A =4957E of N
or A =31003W of N

2.17 Describe the celestial sphere and the diurnal motions aétdms as they would appear for an observer at

() the Earth’s North Pole

(b) a point on the Earth’s equator.

Solution:

(a) The north celestial pole is at zenith for an observereetrth’s north pole. The stars will
describe small circles about the zenith due to the diurnaltiom of the earth. Each star
therefore, has a fixed altitude equal to its declination @amézimuth continually changes
with reference to a fixed point on the horizon. Strictly spegkhis point is arbitrary as the
north point of the horizon is undefined at the pole itself. #dlrs of positive declination are
circumpolar, and all those of negative declination are perntly below the horizon, that is
the celestial equator coincides with the horizon.
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(b) For an observer on the earth’s equator, the two celgstikds are at the north and south
points of the horizon. The celestial equator coincides withprime verticals, that is the
great circle EZW. All stars rise and set, no star is circurapor permanently invisible. A
star of declinatiore rises at an azimuth 96- ¢ east of north and sets 12 hours later at the
same azimuth west of north. Its greatest altitude at tramaigain 90 — ¢.

2.18 Prove that the maximum azimuth (east or west of north) of@uompolar star is
A= sin_l(cosa secy).

The right-hand side of this equation is undefined when¢. How do you account for this?

Solution: The diurnal path of a circumpolar stAris a small circle about the north celestial pole
P as shown in the diagram.

Join X to the zenith poinZ by the great circle arZX and produce it to cut the horizon h.
The azimuth ofX is spherical angl®ZX or equivalently ardNT. In general the arZT cuts the
small circle in two points rather than one — there are two tsaif the diurnal path with the same
azimuth. Maximum azimuth occursatwhereZT is tangential to the small circle. Itis easily seen
thatPYZis aright angle.

In spherical trianglé>ZY, we have

PZ=90"—¢
PY=90" -6
PZY = Anmax
ZYP=90 .
By the sine formula
sinA  sin90

coSs  COS¢
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Hence result.

Whend < ¢ the circumpolar star transits south of zenith and all valfethe azimuth are
possible. There is then no maximum.

2.19 Define thephase anglg, and theelongation 5, of a planet illustrating your definition with diagrams far a
inferior and a superior planet. [5]

Why is the phase angle so called? [3]

Assuming that the Moon is at a distance d88x 10° km from the Earth, calculate its elongation to the nearest
arcminute when it is observed to be exactly half illuminated [12]

Solution: For simplicity the approximation is made that the planetsluding the earth, are moving
in circular coplanar orbits. Then any planet would be obsgrto lie in the ecliptic.

In the two diagrams abov@represents the Suf, the Earth and® the planet under consideration.
If we measure distances in astronomical units tB&h= 1. The diagrams show the possible
relative configurations for an inferior planet and a supepianet. If we denote the length &P
by a in each diagram, thea < 1 in the first case and > 1 in the second. The elongatigris the
angular separation of the planet from the Sun as seen frofadhh, i.e., anglSE P. The phase
angleg is the angular separation of the Earth from the Sun as sedmelpldnet, i.e., angl8PE
These definitions apply in either diagram.

For an inferior planet the elongation is restrictedytec sin~* a, but the phase angle can take
any value. For a superior planet there is no restriction erethngation bup < sin-! 1/a.

The phase angle takes its name from the fact that it can betasadtulate the observed phase
of the planet. The phasgis defined as the fraction of the planet’s disc that is illuatéd and is
given by

1
q= 5(1 + CO0SQ).
The same considerations can be applied to the Moon insteaglainet, although, since the

Moon is in orbit round the earth, the geometry is differentthe diagram below now represents
the Moon,SandE the Sun and the Earth as before.
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We are given thaEM = 3.84 x 10° km, andSE is one astronomical unit. When the Moon is
exactly half illuminated the phase an@®&IEis 90°. The Moon’s elongationy, is the anglé&SEM,
and from the right-angled triangle we deduce thatrpas%.

Putting in values it is found that cas= 2.5668 x 10~2, giving an elongation of 8%1’.

2.20 An asteroid is moving in an orbit of semi-major axis 2.87 @stmical units. Calculate its sidereal period of

revolution. {4.86 yr} [3]
Assuming that the asteroid is moving in a circular orbit ie #cliptic plane, calculate the synodic period in
years. {1.26 yr} [3]
What is the maximum phase angle and the minimum phase foashésoid?{20.39°; 0.969} [5]

Work out the interval of time in days between opposition dreldccurrence of this minimum phas@.24 yr} [9]

Solution: Let us call the semi-major axis of the asteroid’s oeb{i= 2.87 AU). By Kepler’s third
law the sidereal periodT, is easily calculated in years from the formla = a®. It is found that
T = 4.86 years.

The synodic periods, is, for a superior planet, related to the sidereal periodhleyformula
S1=1—-T"1 which yieldsS = 1.26 years.

Consider the triangISEA(Sun Earth asteroid). The maximum phase angler SAE occurs at
quadrature when anglBEA = 90°. Hence sip = a1, giving ¢ = 20.3914. The minimum
phaseq = (1 + cos¢)/2 = 0.9687.

Now the angle that increases uniformly with time is not thagghangle or the elongation but
the third angleASE, labelledd in the diagram. This increases by 366 one synodic period.
Clearly6 = 90° — 20.3914 = 69.6086'. The required interval of time S/360= 0.2434 years
(= 8891 days).
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2.21 Draw a celestial sphere for an observer at latitudeSéndicating thehorizonand thecelestial equatar Mark

in the north, south and west points of the horizon and alsadntn celestial polend thezenith point [6]
A star has declination I8 Indicate its approximate position on the diagram whenseiging and calculate its

azimuth at that instant{303°33} [7]
What is the hour angle of the star when it se{g?55M} [5]

How long is the star above the horizon in

(a) sidereal imeq15N50M} (1]
(b) solar time?{15"48™M} (1]
Solution:

The zenith point isZ, the north celestial pole i® and the north, south and west points of the
horizon are respectiveljd, SandW. Notice thatNP is the latitudep (= 56°), which means that
PZ =90 — ¢.

The star is aiX, which is on the horizon since it is setting. The great cieriePX = 90° — §,
wheres is its declination of 18 The star’s azimuth is the spherical angl&X indicated byA in
the diagram. In the spherical triandfZX we may identify the following parts:

ZX = 90",
PX = 90° — §,
PZ = 90° — ¢,

PZX = A.

Applying the cosine formula gives
cosPX = cosPZ cosZX + sinPZsinZX cosPZX

i.e., Sind = coS¢ COSA,
yielding A = cos 1(siné sece).
Inserting values for the declination and the latitude gifes 303°33. The hour angle of the star
at setting is spherical anglePX, labelledH in the diagram. A further application of the cosine
formula yields

€0s 90 = sin¢ sind + cos¢ coss cosH.
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HenceH = cos (- tané tan¢), and inserting values gived = 11880° = 7.92 h= 7"55™,

The sidereal time that the star is above the horizon is sif@plyor 15 hours 50 minutes. To
obtain the solar time interval we multiply this by the facB5.25/366.25 = 0.99727 getting 15
hours 48 minutes.

2.22 (a) Whatis the ecliptic latitude and longitude of the Sun cayMst?

(b) Calculate the Sun’s right ascension and declinatiothisrdate, assuming that the obliquity of the ecliptic
€ =23.5.

(c) Calculate the hour angle of the Sun at sunset for this fdtan observer at Glasgow, latitude“5§
longitude £15'W.

(d) What is the interval (in solar time) between sunrise amisst for this observer on this date? Determine
the Greenwich mean times of sunset and sunrise.

(e) Whatisthe local sidereal time and what is the Greenwidreal time of sunset for the Glasgow observer
on May 1st?

Solution: This question attempts to draw together a number of difteicdas from the lecture
notes. As such itis long and involved and considerably miffiedlt than any question that would
be set under exam conditions!

(&) The Sun always lies on the ecliptic and so its ecliptitude is always zero. The ecliptic
longitude()) is zero on March 21stwhen the Sun iqatltincreases uniformly by 360n one
year. May 1stis 41 days after March 21st and so we may cadculat41 x 360° /36525 =
40°.4.

(b) Consider the diagram as shown, in whigfs the Sun (on May 1stR is the north celestial
pole, K is the North Pole of the ecliptic and Aries is the equint.(

ecliptic

equator
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Let the Sun’s right ascension and declination(®gs). ThenPS = 90° — 1 and spherical
angleKPS = 90° + «. Moreover,PKS = 90° — A. Finally KS = 9(°, since the Sun is on
the ecliptic. The spherical triangle we must consider iadyeKPS By the cosine formula,

€cos(90° — §) = cos(e) cos(90)
+ sin(e) sin(90°) cos(90° — 1),

i.e. sin(d) = sin(¢)sin(1)
= sin(23°.5) sin(40°.4) = 0.2584

Hence § = 15°.0.

Again by the four parts formula,
€0Se c0s(90° — 1) = sine cot 90" — sin(90° — 1) cot (90° + «),
i.e. CO%sinA = — cosA(—tana),
giving tana = cose tani
= c0s23.5tan 40.4 = 0.7805

Hence o = 38°.0 = 2"32™.

(c) To calculate the hour angle of the Sun we need a new diadratr be the position of the
Sun at sunsetP the north celestial pole and the zenith point for the Glasgow observer.
ThenZS= 90C°. FurtherPZ = 90° — ¢, whereg is the latitude of the observer, namely’56
P Sis still 90° — § and the spherical anglePSis the required hour anglé] say.

equator

horizon

Clearly we must consider the spherical trianBéS By the cosine formula
€c0s 90 = cos(90° — ¢) cos(90° — 8) + sin(90° — ¢) sin(90° — §) cosH

giving cosH = —tan¢tans
= —tan56tan 15 = —0.3973

Hence the hour angle is found to be 1¥3or 7'34™,
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(d) The interval between sunrise and sunset is cleadyd® 15'08™. Since the observer’s
longitude is 415 W, which is 17" in time measure, both sunrise and sunset will occur 17
minutes later than for a point at the same latitude on the v meridian. So sunrise is
7"17 before noon (GMT) and sunset i85A™ after noon. The times are, therefore, 4.43
am and 7.51 pm.

(e) For any celestial object we have the relationship LSE HA(X) 4+ RA(X). This can be
applied to the sun at sunset giving LST"34™ + 2"32™ = 10"06".

Finally GST=LST —longitude(East: 10"23™.

2.23 The planet Jupiter is moving in an orbit of semimajor axi€3.dstronomical units. Calculate #islerealperiod
in years.

Calculate thesynodicperiod of Jupiter in days making the approximation that ktpiter and the Earth move
round the sun in circular coplanar orbits.

Calculate the interval of time in days during which Jupgesidereal motion will beetrograde

Solution: Let us denote the semimajor axis of Jupiter's orbitebgind its sidereal period by,
where the units are astronomical units and years. Then bieKgghird law,a® = T2.

HenceT = (5.202%72 = 11.86 years.

The synodic perio&is given, for a superior planet, by the formula

1 1

s T
SubstitutingT = 11.86 years, we obtain

1 1 1
=1 =1-—"—_
S T 11.86
ThusS = 1.092 years or 3987 days.
In the diagramsS represents the Surs the Earth and) the position of Jupiter when it is at a

stationary point.

=1—-0.6417=0.9157yr %,

The condition for this was shown in the lecture notes to be tha

cosp +a Y2cosp =0
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whereg is the phase angle amds the elongation at this time. Using this result and the ®maula
in triangle SEJ it was shown that the value of the elongation at a statiopamt is given by the

formula
a

S (a+ vz
Inserting the value o, we can calculate the elongationias- 115°.58. Now the phase angle may
be calculated from the condition for the stationary pointsi

tann =

1
COS¢p = —a 2 cosy,

Hence¢ = 9°.98.
It follows that the third angle
0 =180 —n — 60 =54 .44

Now the importance of this angle is that it increases unifgrmith time going from 0 to 360in one
synodic period. since Jupiter will retrograding betweentthio stationary points & = +54°.44,
the required time interval in days will be

54.44 x S/180= 12064 days

2.24 Draw a celestial sphere for an observer on the equator. dtedibe positions of the north and south celestial

poles and draw in the Sun’s diurnal path for June 21 and Deee&ib [5]
June 21st € ¢
|
N S
celestial —

December 21st
equator

Solution: See diagram

2.25 Show that the sidereal motion of a superior planet must begestde at opposition and direct at quadrature. [5]

Solution: no solution available

2.26 Draw a geocentric celestial sphere, marking clearly thestill equator and ecliptic. State the Sun’s right

ascension, declination, ecliptic longitude and eclipgkitlide for each of the following dates: [1]
(a) March 21 (1]
(b) June 21 (1]
(c) September 21 [1]

(d) December 21. [1]
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Solution: Itis conventional to quote RA in hours, rather than degrseshat 368 = 24". Let the
sun’s right ascension, declination, ecliptic longitude aeliptic latitude be designatdd A, 8o,

Lo and B respectively. Note that the sun always lies on the ecliptici so8, = 0°.
(@) March 21 is the vernal equinox, $0A; = 0", 85 = 0%, Ao = 0°.
(b) June 21 is midsummer, VA, = 6", 85 = €, Ao = 90°.
(c) September 21 is the autumnal equin®A, = 12", 5, = 0°, 1, = 18C°.
(d) December 21 is midwintelR A, = 18", 5 = —¢, Ao = 270,

The corresponding solar positions are marked on the diaedouv.

K., P

ecliptic

equator (b)
b

(d)

2.2 Explain carefully how thdatitude andlongitudeof a point on the Earth’s surface are defined.
Two points on the Earth’s surface have latitude and longiti¢d, 11) and(¢2, A2) respectively. Prove that the

shortest distance between thendjsvhere
cosd = singj Singo + COSp1 COSpo COS(A1 — AD).

How would you express this distance in nautical miles?

On March 21 the planet Mercury had right ascension and datiim(0N45™, 5°04). Calculate its elongation

from the Sun at that time.

Solution:

G )\K/

(4]
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Rotation axisis NS. Greenwich meridian NGS is arbitrariigsen as the meridian of zero longitude.
Point X has latitudep and longitude: such that

¢ =90° — NX
A =GNX

Convention: N latitudes and E longitudes are positive.

Two points have co-ordinates &4, A1), Y(¢2, A2). Spherical triangle NXY has X¥ d, NX=
90° — ¢1,NY=90° — ¢, GNX= A1, GNY= A5, and so XNY¥= A, — A;.
Apply the cosine formula:

cosd = singy Sing, + COS¢; COSPo COY Ay — A1)

Obtaind in degrees, and multiply by 60 to get the distance in nautrobds.
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In the diagram, P is the north celestial pole ands the vernal equinox. The sun is &t and
Mercury has co-ordinates(8) say. Pr = 90°; PM = 90° — §; YPM = o = 0"45" = 11°15.
TM = 5, the required elongation. By the cosine formula appliedptesical triangleY PM,

cosn = co0s 90 sing + sin 90 coss cosya
= COSS COsw
= 0.97695
n=12.325=121930"

2.28 Define precisely what is meant bycacumpolarstar. Show that the condition for a star to be circumpolanas t
its declinations satisfies the inequality
§>90° —¢

whereg is the latitude of the observing site. Show further that if 45° than all stars that transit north of the
zenith are circumpolar. [5]

Show that if the Sun becomes circumpolar for part of the yeaall points within the arctic circle, i.e¢p >
(90° — €), wheres is the obliquity of the ecliptic. Show further that this petiof continuous daylight (midnight
Sun) persists while the ecliptic longitudeof the Sun satisfies the equation

sinA > COs¢ cosex

(6]

Calculate the length of the period of continuous daylightsfio observer at latitude 72on the assumption that
the ecliptic longitude of the Sun increases strictly uniftyr during the year. [6]

Solution: For a star to be circumpolar, the lower transit must be ablow®bserver’s horizon.

Z

Now PL= 90° — §, wheres is the declination, and PN ¢, the observer’s latitude. Hence the star
is circumpolar if 90 — § < ¢, i.e. ¢ + 6 > 90°. Here,¢ + 5 = 48 + 60° = 108 > 90° and so
the star is circumpolar.

The altitude at lower transitis NL, but NL+LP=NB7and LP=90—6. Hence NL= — (90° —§) =
18°.

Altitude at upper transit U = NU=NP+NU&F+ (90° — §) = 78°.
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PN=¢, PL=90 — §, PZ=90 — ¢, PU=PL=90 —§
PU=Pz+ZU, that is, ZU=PU-PZF— §>0. Given thaip + § > 90°, ¢ > 45°.

2.29 Define what is meant by a circumpolar star using a diagraniustibte your definition. [4]
The altitude of such a star is 783 at upper transit and 289 at lower transit. Both of these transits occur
north of the zenith. Find the latitude of the observing sitd the declination of the star. [7]
Calculate the maximum azimuth that the star can have anttitteda and hour angle at that time. [9]

Solution: In the diagram, Z is zenith, P the pole, and upper and lowesitsare denoted U,L
respectively.

A circumpolar star is one which has a diurnal path totallywabthe horizon, and so never sets.
Altitude of upper transit is NU, so 783 = NU = NP 4+ PU = ¢ + 90° — §, given that
PN=¢, the observer’s latitude, and PU=PL=90 §, whereé is the star's declination. Hence
§—¢ =90 — 7523 = 1437.

Altitude of lower transit is NL, so that 289 = NL = NP — PL = ¢ — (90° — §). Hence
8+ ¢ =90 + 1809 = 10809. Using these relations,= 61°23, and¢ = 46°46.
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At U and L, the star’s azimuth is zero. Clearly, as the stdofes its diurnal path it is restricted to a
range in azimuth east and west of north. It reaches maximiumudz when ZX is tangential to the
diurnal path, i.e. PXZ = 90 Consider the spherical triangle PZX when the star is at &gimum
azimuth west (which is easier to draw).

PX=90 —§, PZ=90 — ¢, PZX = A (required azimuth west), ZPX = H (required hour apgiRXZ
= 90°. By the sine formula,
sin A = sin 90’ cosé/ cosg

yielding A = sin"10.6992= 44°22.
Now use the cosine formula twice:

€c0sZ X = sing siné + cos¢ cosé cosH
sing = sind cosZ X + cosé sinZ X cos 90

. Eliminating cosZ X (and remembering cos 96= 0) yields eventually

cosH =tang cot$
= 0.5803= H = 54°5267=3"38".1

The maximum azimuth east is 222 at an hour angle of 24- H = 20"21™.9

2.30 The Sun is observed to set a08 pm (British Summer Time) at the location of Glasg8°52 N, 4°15'W).

(@) What is the Sun’s hour angle at this time?
(b) Calculate the Sun’s declination.

(c) On the assumption that the obliquity of the ecliptic i§ 2@, calculate the Sun’s ecliptic longitude at this
time.

(d) What are the two possible dates for this observation?
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Solution:  The time of sunset is 7pm Greenwich Mean Time, or Universaielto use the
astronomical term. The Greenwich hour angle (GHA) of the iStimerefore, 7 or 105. The hour
angle for the Glasgow observer is given by the formula HAGHA + . In time measure). for
Glasgow is—17™, since west longitude is regarded as negative. So the hgle ahthe Sun at
setting is 843™, which is 100.75.

Consider now the celestial sphere for the Glasgow obsethveteft hand diagram. Here Z is
zenith, P the north celestial pole and S the Sun at sunsetiatmgte PZSwe have the following
parts;

ZS=90°,PZ=90 — ¢, PS=90° — §, ZPS= H = 100°.75, wheres is the declination of the
Sun. Apply the cosine formula to get

€0s 90 = sind sing + coss cos¢ cosH,

giving tans§ = — cosH cot¢.
Inserting values, namely = 55°.867,H = 100°.75, will yield § = 7°.206 = 7°12 .4.

Consider now the geocentric celestial sphere, the right kéagram. Herd® and S are again
the north celestial pole and the position of the Sun, ldrd the north pole of the ecliptic. We now
consider spherical trianglk P Sin which we can identify the following parts;

KS=90,PS= 90 —§,KP = ¢, andPKS = 90® — A, A5 being the ecliptic longitude of the Sun.
Apply the cosine formula to get

sin§ = cos 90 cose + sin 90 sine sinAg.

Hence, sirkg = sind csce = 0.31544.
So we find that the ecliptic longitude of the Sun i$ B88 or 162.612.

We make the assumption that the ecliptic longitude of the iScreases uniformly during the
year and is zero on March 21. Th is equivalent to assuminghieatarth’s orbit around the Sun is
circular. The the number of days after March 21 will be 26bx A5 +~ 360°. The two dates are
then found to be approximately April 9th and September 2nd.

Z P
g@/tb

€
© 03
Q
\
o
equatOr
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2.31 In each answer, draw a suitably labelled diagram showingdséions of the transits, the celestial pole and the
zenith.

(&) An observer at latitude 48l observes a star of declinatién= 60°N. Prove that this star is circumpolar,
and calculate its altitude at upper and lower transit. [8]

(b) Prove that for a circumpolar star of declinatibto have its upper transit south of the zenith for an observer
at latitudeg, ¢ > 8. [5]

(c) Astar has zenith distances at lower and upper transgg°d of zenith, and 74S of zenith, respectively.
Calculatep ands. [7]

Solution:

(a) For a star to be circumpolar, the lower transit must bevatoe observer’'s horizon. Now
PL = 90° — §, whereé is the declination. PN = ¢, the observer’s latitude. Hence
circumpolar means 90— 5 < ¢, i.e. ¢ +8 > 90°. Here¢p = 48, § = 60° and so
¢ + & = 108, meaning that the star is circumpolar.

Altitude of lower transit =NL. ButNL +LP = NP = ¢, andLP = 90° — §. Hence
NL=¢-(90° —8) =¢p+6 —90° =18

Altitude at upper transitt = NU = NP + PU = ¢ + (9 — §) = 78°.
(b) PN=¢, PL=90F -6,PZ=90" - ¢, PU=PL =90°—§. WantZU > 0.

Z
P

PU=PZ+2ZU,ie. 90 -8 =90°— ¢ + ZU. HenceZU = ¢ — 8 > 0, S0¢p > $.

(c) We know that the altitude of the North Celestial Pole iga&do the latitude of the observer.
From the diagram (see below) we see tNdt + L P = ¢ (whereL marks the position of
the lower transit).
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We also know that the angle (along the Observer’s Meridiatyvben the North Celestial
Pole and the position of the upper and lower transits is ih bases 90— 5.

In particular, then, for the lower tranditP = 90° — §. Substituting forL P (and using the
factthatNL = 90° — ZL = 16°) gives the equation

¢+686=NL+90 =106

Similarly, PU = PZ 4+ ZU = 90° — § (whereU marks the position of the upper transit).
But we know thatP Z = 90° — ¢ and we are given tha&ZU = 24°. Re-arranging gives the
equation

¢ —6=24.

Adding these two equations gives 2= 130, so thatp = 65°. Substituting this into the
second equation gives= ¢ — 24° = 41°,

L Zyp
74 U
L’
M 5

2.32 Show that the number of hours of daylight on a given day carsbmated as
2cost (—tandp tange) .

wheresg is the solar declination, anglis the observer's latitude.

Calculate the hour angle of the setting of the sun for an eeseat latitude 5455 N, given that the sun’s ecliptic
longitude is 4949'. What date does this correspond to?

Solution: no solution available

2.33 The stary Dra has declination 52927". When observed from Strasbourg, it's azimuth ranges between
28944/32" and 701528". What is the latitude of the observatory at Strasbourg?

Solution: no solution available

2.34 Define precisely what is meant by a circumpolar star: usesalglannotated diagram to assist with the definition. [4]

Show that the condition for a star to be circumpolar for areober at latitudes is that its declination satisfies
5>90° —¢.

Show further that ifp > § then the upper transit is south of the zenith. [5]

Using the sine formula,
sinb _ sinc _ sind
sinB = sinC ~ sinD
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for the arbitrary spherical triangBBC D with sides b,c,d show that the maximum azim@éthast or west of north
of a circumpolar star is given by

A= sin’l(COSste@).

(4]
The stary-Dra has declination 282927". When observed from Strasbourg, its azimuth ranges dstw
28%44'32" and 781528". Taking the star to be circumpolar, what is the latitufithe observatory at Stras-
bourg? [4]

Solution: no solution available

2.35 Draw an annotated celestial sphere showing the followihgzenith point Z; the celestial pole P; the observer’s

horizon and meridian; the celestial equator; the cardinaitp NSEW and the observer’s latituge Mark the
position of an arbitrary star X on your diagram, and show 8smeiated hour angld, altitudea and declination
§ of X, [6]

Using the cosine formula for the spherical trian§& F with sidesdef,
cosd = cosecosf + sinesin f cosD,

show that, for the star X,
sina = sin¢ siné + cos¢ coss cosH.

(4]
When the star sets, show that its hour angigis given by
Hs = cos 1(—tans tang). -

For the particular case of the Sun, prove that:

(a) there are 12 hours of daylight at the equinoxes;

(b) the Sun is Circumpolar if taph = +1/ tane, wheree is the obliquity of the ecliptic. [4]

Solution: no solution available

2.36 Draw a celestial sphere showing the co-ordinate systenliptiedatitude and longitude, annotating your diagram

clearly.
What is the Sun'’s ecliptic latitude and longitude at the autal equinox? [5]

Solution: no solution available

2.3 % Discuss briefly the differences between

(@) apparent solar time, and
(b) Universal Time (UT). [3]

[Your answer should mention the Equation of Time.]

Solution: no solution available

2.38 What is meant by a circumpolar star? [2]

What is the zenith distance of Vega (declinatib@3°42) at its upper transit at Moscow
(latitude 5%45)? [3]
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Solution: A circumpolar star is one which does not set, i.e. itis alwaysve the observer's horizon [2]

PZ = 90—¢
PU = 90-3§
For Vega,PU = 90 — 38°41 = 51°18

For Moscow,P Z = —55°45 + 90 = 34°15
ZU =51°18 — 34°15 = 17°03 [3]

2.32 What would be the position in the sky of a star of Right Ascensthr, declination 4% one hour after sunset at
the vernal equinox, for an observer at latitud@20 [5]

[Hint: draw a diagram]
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Solution:

1 hour after sunset at vernal equinox - Sun is?t , and has hour angle 7h.

RA of star is 7h, so star is on observers meridian.

Stars declination is #0which is same as zenith distance from equator. Hence stazénah.

90— ¢ v

2.4Q Draw a celestial sphere showing the definitions of RA (rigitisssion), declinatio) and HA (hour angle) for

an arbitrary star X. [4]

Define the local sidereal time (LST) and demonstrate that

HA X+ RA X=LST.
(3]
Show that the hour angle of X at setting is given by

cosHA X) = —tan¢ tans,

whereg is the latitude of the observer. [6]

The star Sirius has right ascensidh6™8.9%, and declination-16°43 . Calculate the local sidereal time of its
setting, as observed from Glasgow (latitud@55). [4]
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Solution:

LST=HATY

It is clear from the diagram thatH AT = HAX + RA X
i,e. HAX+ RAX=LST.

For a setting staX must be on the horizon

cos90 = singsind + cosgp cosH A X

.0 = singsiné + cos¢g cosH A X
sing sind
R )
= —tangtans

S.CoOSHAX =

For Sirius, coéHAS = —tan¢gtans = —tan(55.867°) tan(—16.717°) = 0.443
. HAS=63705 = 4"14m49.2s
. LST=6"45"8.95 + 4"14™49.25 = 10"'59"58.15

2.4% Draw a diagram showing the Moon in orbit around the Earth kingrclearly the positions of the new and full
moon, and first and third quarters. The Moon is observed te kawactly one half of its disk brightly lit early
one morning; estimate the interval to the next new Moon. [5]
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Solution:

sunlight

1 Q

% disk Uil in early morning — ¥4 quarter moon. Therefore approx | week to net new moon.

2.42. Draw a celestial sphere on which are marked the equator dipdi@cShow clearly the position of the Sun at

March 21st and June 21st, and estimate the Sun'’s right dsneared declination on these dates. [5]
Solution:
K P
&
o~ June 21
ECL
March 21

March 21¢ RA(Sun) = 0t dec(Sun) =0
June 21st RA(Sun) =6t  dec(Sun) = epsilon

2.43 Define the following co-ordinate systems:

(a) alt-azimuth

(b) hour angle and declination

Ensure that you supply a clearly labelled diagram in younans [6]

Prove that for a star of right ascensiermand declinatiors, its altitudea and azimuthA at local sidereal timést
for an observer at latitud¢ may be calculated from

sina = sin¢ sing + cos¢ coss coOL ST — «)
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sin§ — sing sina
" cos¢cosa

0SA

Prove further that the azimuth of a star at setting is given by

A=cos! sind
CoS¢

What do you conclude if si8y cos¢ > 1?

Solution:

Apply cosine formula:

cog90° — a) = cog90° — §) cog90° — ¢) + sin(9C° — §) sin(90° — ¢) cosH

i.e. sina = sind sing 4+ coss cos¢ cogLST— «) — gives altitude

To get azimuth, apply cosine formula again.

cog90° — §) = cog90° — ¢)co(9C° — a) + sin(90° — ¢) sin(90° — a) cosA

(6]

(5]
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sin§—sing sina

i.e.sind = sin¢g sina + cos¢ cosa cosA, so that COA = c0sp cosa

. _ __ siné _ 1,siné
Atsetting, a=0° andsocoh = 2 ie. A=cos'(Zm)

If ;sz) > 1 then the star must be circumpolar, and there is no solutidinet setting azimuth.

2.44 Define the co-ordinate system of terrestrial latitigig and longitude(}.). [4]

Given the cosine formula,
cosa = coshcosc + sinbsinccosA,

for a spherical triangle with sides b andc, and corresponding angles, B and C, show that the shortest
distance between the two poinigr, A1) and(¢2, A2) is given by

cosd = sing1 singy + COSg1 COSPo COSAy — A2). [5]

An aircraft flies from a point A at latitude SR and follows a great circle path, initially due East, withou
deviation for 800 nautical miles and lands at site B. Whaléslatitude of its destination?

What is the bearing of the aircraft from B just before landing [8]
Solution:
Latitude - small circles parallel to the equator. Longitudgeat circles through N-S poles. Zero
for latitude is equator; N +ve, S -ve. Zero for longitude i@nwich meridian. [4]

Shortest distance is arc segment of great circle which aisrieem.

gy .

904, -
%04 A=A

A 20—,

Apply cosine formula

cosd = co990 — ¢1) cog90 — ¢2) + SiN(90 — ¢1) SIN(90 — ¢2) COSA2 — A1)

i.e. cosd = sing; Sing, + COSp1 COSP, CO Ay — A1) [5]
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arc AB = 800nm = 800 minutes of are= 13.33.
Apply cosine formula:
co990—¢) = €0990— ¢1) cox13.33) + sin(90 — ¢,) sin(13.33) cos 90

sing, sing, c0913.33) = 0.76676
SO ¢ = 50.06°

To get bearing, use sine formula:

sing sin 90 . ) COS¢,
. = — i.e. sing =
sin(90 — ¢1)  siN(90 — ¢») COS¢,

= 0.9595= 0 = 7364°

[8]

2.45 Define latitude and longitude as a co-ordinate system farriesg a point on the Earth’s surface, and define
what is meant by zenith and altitude in celestial co-ordisaProve that the altitude of the North Celestial Pole
is equal to the latitude of the observing site. [8]

Two observatories are at the same latitude diNgSbut differ in longitude by 48. A star is observed at the
zenith point of the more westerly of the two observatoriealcGlate the star’s altitude at the other observatory
at this same instant. [9]
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Solution:

5

Latitude isp measured up/down from equator. +ve N, -ve S. Longitude isoreae from Green-
wich meridian. W is -ve.

Meridians of longitude are semi great circles. Parallelsfude are small circles.
Observer O at latitude¢. NOS is observer’s horizon N-S plane, P is NCP.

ACO=¢

. BOP=¢
- POZ=90—¢
. DOP=¢

P
N
P
z A/DJ?T:L
z
o0
B
g
c j
\A

¢ = 55° andAx = 40° = 2"40™. At West observatory, star is at zenith so hour angle is 0. At
same instant, at East observatdy+ 2"40™ = 40°
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Star is atX on diagram. We want altitude. Use cosine formula
€090 — a) = cog90 — §) cog90 — ¢) + sin(90 — §) sin(90 — ¢) cosH
Now since star is at zenith for other observatérng ¢ = 55°. Hence

sina = sin’s + cos 8§ cosH = sin® 55+ cos’55 cos 40
= 0.671+0.329x 0.766= 0.923
=a = 6727
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3 Dynamical Astronomy

3.1e Show, assuming Newton’s law of gravitation, that the getignal potential energy/ (r), of a small body of
massm at a distance from a planet of masM is given by

GmM
OEE

whereG is the constant of gravitation. [5]

Solution: no solution available

3.2 State Kepler's Laws of Planetary Motion.

Define the termangular momenturand explain, using the case of a circular orbit, the signifieaof Kepler's
Second Law in terms of angular momentum. [5]

Solution: Kepler 1: A planet orbits the Sun in an ellipse, with the Suoreg focus of the ellipse.
Kepler 2: A line connecting a planet to the sun sweeps outlageas in equal times. Kepler 3:
The square of the periods of planetary orbits are propatitithe cubes of their semi-major axes.

The angular momentum of an object of massnoving in an orbit of radius about a point,
and having speed, is mrv. Angular momentum is constant in the absence of externeé$orlf
the orbit is circular, so that the radius is a constant in fithen the orbital speed must also be
constant. Hence the object will sweep out equal areas in @meas it orbits, which is consistent
with Kepler's second law.

3.3 A body of masam moves under gravity in a circular orbit of radisabout a body of much larger maks.
Given that the centripetal force on a body of masmoving with velocityv in a circular orbit of radiuR is
mv2/ R show that the period of the orbit is given by the equation

_ 4n%R3

2
T GM ’ [5]

whereG is the constant of gravitation.

Solution: The force of attraction oM uponmis F = GMm/R?, but this must be balanced by
the centripetal force to keep the body in its circular or@ientripetal force= mv?/R, hence

mv? GMm
—_— F = s
R R2
so thatv?> = GM/R. Butv = 27 R/T, hence
2rR\?* GM .. 47°R® GM , 4r’R?
—— ) = —, giving = ——thenT* = .
T R T2 R GM

3.4 State Newton’s law of gravitation. Demonstrate, for a dacwrbit, how it is consistent with Kepler's second
and third laws of planetary motion. [9]

Show that the orbital period of a mass in a circular orbit diwar about a much larger mass is

T2 4n2
r3 GM’
What is the corresponding expression for an ellipticalt@rbi [5]

The comet Faye is in an orbit with a period of 7.38 years, aemcicity of 0.576 and a perihelion distance
of 1.608 AU. The comet Wolf has a period of 8.43 years, and égkon distance of 2.507 AU. Calculate the
eccentricity of its orbit.{0.395} [6]
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Solution: The force (attractive) between two bodies of masand M separated by a distance
acts along the line joining the two bodies and is given by

GMm
F = -
r

Assume gravitational force provides centripetal forceddsit. Kepler's 2nd Law impliesr is
constant, so angular momentum is constant (i.e., no toygoderces are central and act along the
line of centres of the two bodies.

Kepler's 3rd state3 2/a® is a constant. Choose a circular orbit of radiusCentral force needed
for acceleration ob?/r is mv?/r. Butv = 27r/T, soF = 472mr/T?. Again by Kepler's 3rd

Law, and substituting fof we have

m
Fo—

rz’
By symmetry, (action and reaction) we also hdvex M/r2. This impliesF o Mm/r?, or
F = GMm/r? whereG is a constant.

Second partThe force equatiomv?/r = GMm/r? implies that?> = GM/r. But for circular
orbit, v = 27r /T, s0 4t%r?/T? = GM/r so thatT?/r3 = 472/GM.
For elliptical orbitT?/a® = 472/GM wherea is the semi-major axis.

For comet FayeJr = 7.38 yearsgr = 0.576. Perihelion distance ar(1 — er) = 1.608 AU
soar = 3.792 AU. For comet WolfTyy = 8.43 years anéw (1 — ey) = 2.507 AU. We need to
find eyy. Using

T2 T2
ad|lp  ad|y
2\ 1/3
we have ay = ar <T—V‘2’> .
F

Henceay = 1.093. ap = 4.144. Thus 4144(1 — ey) = 2.507 orey = 0.395.

3.5 A body of negligible massn is in an elliptical orbit around the Sun. Write down an expies for the total
energy,E, of the body and show that when it is at a distanéem the Sun its velocityy, can be written as

2
v2=GM(F+C>,

where the constar@ = 2E/(GMm) andG is the gravitational constant. [6]

Given that the perihelion and aphelion distances of thd arba(1 — €) anda(1+ e), wherea is the semi-major
axis ance is the eccentricity of the orbit, use the above expressidimtbthe ratio of the velocity of the body at
perihelion to that at aphelion. [2]

From conservation of angular momentum derive a second ssiprefor this ratio of velocities. [2]

v2=GM(rg—§>. [3]

The comet Wolf has an eccentricity of 0.395 and a perihelistadce of 2.507 AU. Calculate the velocity of the
comet at perihelion. [4]

Hence show that
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Solution: This is largely from the notes.
E = M — GMnyr

2 2E
2_GM|( =+ —— 1
=V r+GMm (1)

Conservation of angular momentum gives

na(l—e) =va(l+e

, Wherev, v, are the perihelion and aphelion speeds, respectively. So

1
w_lte o
Vo l1—e
From (1): ) )
2 2
" (a(l—e)+ ) v (a<1+e>+ )
That is,

v_f _1+e2+Call—e)

2 1l-e2+Ca(l+e
Combine now with (2) to eliminate thes:

2+Ca(l—e)

afracl+el—e?=(afracl+el—-e)——————~
( + ) ( + )2+Ca(1+e)

which reduces t&€ = —1/a. Hence
¥ =GM (3 - 3)
ra

. For Wolf: 2507 = a(1 — e) = a = 4.144. Hence when = 2.507AU, v = 27(2/2.507 —
1/4.144Y? = 4.687AU/d, using natural units.

3.6 If a body of negligible mass is in orbit around a maésits speedy, is given by

2 1
2 =GM (— - —> ,
r a
wherer is the distance between the centres of the two maassshe semi-major axis of the orbit afialis the

gravitational constant. An artificial satellite is in a aitar orbit about the Earth at a height of 1000 km above
the surface. Use the above expression to calculate the spéeelsatellite. [3]

The satellite is to be transferred to an orbit of radius 30K@0 Describe an economical way of carrying out
this transfer and calculate the change in speed requiretectit into its transfer orbit. [6]

Solution: The satellite orbit is circular, s@ = r and therefor@? = GM/r. Now
I =rg + 1000 km= 6379 km+ 1000 km= 7379 km

Hence
s 3.989 x 104 m?2s2

= = 5.406 x 10’ m?s 2
v 7379x 100 m %

Thusv = 7.353km s'1
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New orbit has radius = 30,000 km. Most efficient way to achieve this is via a Hohmann
transfer orbit.

To calculate the speed boost, compare the original orbédspéth the transfer orbit speed at
perigee. For the transfer orbit,

2a=rg+10°Pm+3x 10'm=3.7379m

Thereforea = 1.869 x 10’ m.
At perigee,

2 1 GM 2 1
2 V 2 o2
Up (r a) 106 (7.379 18.69) X Ams

i.e.vp = 9.315x 10°ms 1. HenceAv = 9.315x 10° — 7.353 x 10° = 1.962km s,

3.7 Explain what is meant by thescape velocitfrom the surface of a planet. Given that the gravitationaéptal
energyV, of a massn at the surface of a planet of maldsand radiuRisV = —GmM/R, derive an expression
for its escape velocity from the planet’s surface. [4]

The orbit of the Moon around the Earth has a semi-major ax@84#00 km and a period of 27.32 days. Given
that the radius of the Earth is 6378 km, calculate the acaiber due to gravity and the escape velocity at the
Earth’s surface. [8]

Solution: no solution available

3.8 Derive an expression for the peridf, of a body of negligible mass in a circular orbit with radiBsabout the

Earth. [9]
Derive theheightabove the equator for a geostationary communicationslisatgliven that the radius of the
Earth is 638 x 10° m and the (surface) acceleration due to gravity.&m 52, [8]
How many satellites are needed to give complete coveradeedtarth (excluding polar regions)? [2]

Solution: Period of circular orbit;
mw?R = Gmem/R?

Therefore
47°  Gme

T2~ RS

T (47'[2R3>1/2
Gme
Height of Geostationary orbit:
Told thatg = 9.8ms™t. Know thatg = Gm.R;? whereR. is earth radius. Hencéme = gR2.
Also,

Hence

_ GmT? gRT?
T A4n?2 A4x?

R\° gT?
<E> C An?R,

RS

and so
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If T = 1day = 8.62 x 10*s, andR. = 6.38 x 10°m thenR = 6.61R.. So the height is
5.61R, = 35800km.
Note that 3 satellites are required to give complete coweragensure that at least in the equatorial

plane, no part of the earth is hidden from the satellites.

3.9 Show that the gravitational potential energy of a massa distance from the centre of a planet of mais

> m)is
V() = —GrMm’

and write down an expression for the total energ%mv2 — GMny/r} [8]

Explain the meaning of the phrase ‘escape velocity from tinfase of a planet’ and derive an expression for it
in terms of the radius of the planet and the acceleration algeavity at its surface. Given that the radius of the
Earth is 638 x 10° m and using the data given and derived earlier calculatesttepe velocity from the surface

of Venus. {10.3kms™1} [6]

Solution: Since Force is attractive and acts along the line joiningdmdvork done to separate

the bodies by an amousbt is §V = Gr'\Qer, so the potential energy is

GMm GMm
V(r):/ = dr=—r—+ const.

If we takeV (r) — 0 asr — oo then

GMm
V() = -

Now, the total energ¥ is the sum of the potential and kinetic energies, i.e.,

1 GM
E=-m?’— m‘
2 r

The escape velocity is the velocity a body must have to esfrapethe planet's surface. This
happens whelx > 0, or when

1 , GMm

—Mmv* >

2 R

whereR;, is the radius of the planet arM, its mass. The escape velocity is therefore

2GM,
Vescape— .
Ro

For a body at the planet surfaceg, = GMpm/Rg, SO Vescape = +/20pRp. For Venus,Ry =
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3.10 By conservation of energy and angular momentum for a smaly liw an orbit about the Sun we can get the

relations 1 GMm
E = 5mv2 - and h=rvsiné,

whereM andm are the masses of the Sun and the body respectiviyhe distance of the body from the Sun,
G is the gravitational constant,is the speed of the bodg,is the angle its direction of motion makes with a line
to the body from the Sun, artdis a constant.

Explain the origin of the terms in the above equations. [3]

If the orbit is an ellipse of semi-major axasand eccentricitg, show (by considering the perihelion and aphelion

of the orbit) that
2 1
2 _ Z_z
ve=GM (r a) [10]

and hZ= GMa(l — ez).

An asteroid is detected at a distance of 1.26 AU from the Stsrvelocity is 333 km s~1 with directed at 747°
to the line joining the two. Calculate the semi-major axid geriod of its orbit. Does the orbit cross that of the
Earth? [7]

(Use solar units for this problem; note that 1 kits= 0.211 AUyr—1))
Solution: The kinetic energy of a body %nv2 and its gravitational potential energy+$s Mm/r.

The angular momentum per unit mass of the bodyising, which is conserved for the motion.
The total energy is

1 , GMm
E=-mv°— ,
2 r
so that 5 oE
2
=GM(|-+C where C = ——.
v <r + > GMm

Let v; be the velocity at perihelion ang be the velocity at aphelion. Then

h=val-e =uva(l+e), (12)
and

2_-GM _2 C (13)

"= [a(l—e) " ]

s 2

vz_GM[—a<1+e)+C]. (14)

Equations (2) and (3) give

2
vf [a(l—e) +C] _(1+e2+Cal-e

> = )
v3 [a(12+e)+c] 1-e2+Cal+e

But from Equation (1)
v 1+e

Vo S 1-¢
so that

1+e\’ (1+e2+Cal—e
(1—e)  (1-e2+Cal+e’
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and therefore
l1+e 2+Call-e)

l1—-e 2+Cal+e’
This implies that 2+ 2e+ Ca(l + 2e+ €?) = 2 — 2e+ Ca(l — 2e + €?), soCa(4e) = —4e, and

C =-1/a. Thus
v2=GM(g—}),
ra

and so
v2=GM< 2 _})ZG_M(l-i-e).
1 all—e) a a (1-e
But
h=uvadl—e = %%ﬁ(l—e): N
or h?=GMa(l — €. (15)

Note that 1kms! = 0.211 AUyr tand 333kms* = 7.03 AU yr1. Also

v2=4712<g—l),
r a

sinceG = 472, Substituting, we have

2 1
7.03? =4n? | — — =
(703 ”(1.26 a)’

which givesa = 2.96 AU. NowT? = a°® = (2.96)3, thereforeT = 5.09yr. h? = GMa(1—¢€?) =
4r2%a(l — €%). On the other hanth = vrsind = 7.03 x 1.26 x sin(747°) = 854. i.e.,
(8542 = 472 x 2.96(1 — €%), soe = 0.613. The perihelion radius iR, = a(l — e) =
2.96(1 — 0.613 = 1.14 AU, so it does not cross Earth’s orbit.

3.11 Show that the laboratory value of the gravitational cortstan, with other measurements given below, give the
masses of the Sun and the Earth.

semi-major axis of Earth’s orbit 496 x 10° km
radius of Earth 6371 km
surface gravitational acceleration on Earth .819m 52
Earth year 3625d

Solution: no solution available

3.12 The satelliteEuropadescribes an orbit about Jupiter of semi-major axid6 10° km in a period of 352 days.
Neptune’s satellitdriton has semi-major axis.85 x 10° km and orbital period B77 days. Calculate the ratio
of the masses of the two planetd.8.49}

Solution: We must use Newton’s amended form of Kepler’s third law, ngme
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Let the suffix 1 refer to the Jupiter-Europa system and thixs2ito that of Neptune and Triton.
Then

M1+ m af T22

Mp+my  adTZ
Inserting values, namelg; = 6.71 x 10°km, a, = 3.55 x 1°km, T; = 3.552days,T, =
5.877 days, yields

Neglecting the masses of the satellites in relation to thesegof their planets, this is the ratio of
the mass of Jupiter to that of Neptune.

3.13 Halley’s comet has an orbital period of 76 years and its jpdioh distance is 0.59 AU. Calculate its semi-major
axis and its greatest distance from the Sun in AU. Use youuleaotes to calculate its velocity at perihelion
and aphelion in AU yrl. Convert these to knis, given that the Earth’s orbital velocity is 29.8 km’s What
is the ratio of its greatest and least orbital velociti€$2.942 AU; 35.294 AU; 11.47 AU yrl; 0.192 AU yr1; 59.7}

Solution: In the usual notatiom = 76years an&(1l — e) = 0.59 AU. Working in these units
Kepler’s third law yields

a®=T2 so a=765 = 17.942 AU,
0.59

l1-e)= ————-=0.033 . e=0.967

( ) 17.942 a
The greatest distance from the Suraid + e) = 17.942 x 1.967 = 35.294 AU. The comet’s
velocity is obtained from the formute? = 1 (2 — 1). In units of AU year?, the Earth’s orbital
velocity is 2r. So inserting = 1 = ayieldsu = 472 in these units. The comet’s perihelion and
aphelion velocities may then be calculated. for examplpeghelion

1
2 1 2 1
V =27 (@ — Tw) = 1147 AU year ~.
Similarly at aphelion
2 1 \?
V=27 — = 0.192 AU year?.
35294 17.942

To convert to km s we must replace2 by 29.8, getting 54 km s at perihelion and ®1 km st
at aphelion. The required ratio is . #¥/0.192 = 59.7.

3.14 A comet, moving towards perihelion, has a velocity of 31.53 &1 when 1.70 AU from the Sun, directed
at 14316° from the direction of the radius vector. Use this informatto calculatea andh. Also obtain the
eccentricity, perihelion and aphelion distances and pesfdhe orbit. {a = 17.84 AU; e = 0.966; 0.607 AU; 35.07
AU; 75.35 yr}

Solution: Using units with mass of Sun = 1, unit of length is AU and unitiofe is one year, speed
of the comet is

31531
V="""-=6651AUyr %
4.741
UsingV2 = GM (2 — 1) with GM = 472 andr = 1.70AU, a = 17.84 AU.

h=rV, =170 x 6.651 x sin14316° AU?yr! = GMa(l — €) = 47?(1 — ’a.
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This givese = 0.966.

Period of orbit= a*? years= 75.35years.

Perihelion distance- a(1 — e) = 0.607 AU.
Aphelion distance= a(1 + e) = 35.07 AU.

3.15 The satellitehobosof Mars has an orbit with a period of 0.3189 days and a seménaajis of 938 x 103 km.
The diameter of Mars is 6 762 km. Show that, without a knowtealghe gravitational constant, this is sufficient
to calculate the surface gravity of Mars and its surfacepsealocity. Obtain values for these quantities.

Solution: no solution available

3.16 Explain what is meant by a Hohmann transfer orbit.

A manned spacecraft leaves the vicinity of the Earth to goenug using the most economical transfer orbit.
Calculate the minimum change in velocity required to reaetorbit of Venus and the time taken for the transfer.
If the spacecraft is to rendezvous with Venus, what shouttiéeosition of Venus relative to the Earth in order to
achieve this? Calculate the change in velocity require@ tine spacecraft reaches Venus. How long is required
before the spacecraft can return to Earth using a Hohmansféaorbit?

Assume that the orbits of Earth and Venus are circular anthonapwith radii of 1.0 and 0.723 AU respectively.
Ignore the gravitational effects on the spacecraft by EanthVenus.

Solution:

E position e "
Venus end needed for V-E ftposé |$/n
transfer / arer k-
transfer
V
144
Avl Venus start ™
Earth start
Fig 1 Fig 2 Fig 3

re = 1AU, r, = 0.723 AU. Earth’s orbital velocity, = 27 AUyr_;, hence in units of AU and
yr, GM = 4x2. For the transfer orbiar = (r, + re)/2 = 0.8615 AU. Transfer time = period/2

= a$/2/2 = 0.400yr. Ifv,, v, are the speeds at aphelion and perihelion, then

which yieldsv, = 5.756 AUYr_;. Also, ve = 27/re’? = 6.283 AUyr L. So

Avy = va — ve = —0.527 AUyr !
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. Similarly,
vp =21 (— - —) = 7.961AUyr!
r &
v, = 27/rY? = 7.389 AUyr*
and so

Avy = v, —vp = —0.572 AUyr*

Period of Venus= r¥2 = 0.615yr. In transfer time it completes4)0.615 x 36(° = 234 of

its orbit, so starting configuration is given in fig 2. Whenftraaches Venus, Earth has travelled
0.4 x 360 = 144, so at arrival, the configuration is as shown in fig 3. For therretrip, Earth
must be 3B8ahead of (the moving) Venus, so Venus has to catch up-36@° = 288 with respect
to Earth, which will occur at a rate

1 1
Aw = w, — we = 27 (T_v — i) = 3.933 radyl’_1

Now 288 = 5.03 radians, so time taken is08/3.933 = 1.278yr

3.17 The semi-major axis of the orbit of Mars is 1.524 AU and thetafleccentricity is 0.093. Assuming the Earth’s
orbit to be circular and coplanar with that of Mars, calceilat

(a) the distance of Mars from the Earth at closest approach
(b) the ratio of the speeds of Mars in its orbit at periheliod aphelion
(c) the speed of Mars at aphelion in AU per year.

Solution:

(a) Perihelion distance from Mars is

a(l—e) =1524x (1-0,093 = 1.38AU

{0

a(1+e) a(1-e)

So the closest distance to earth i3®AU.
(b) Conservation of angular momentum requires
mvprp = mvara

1+e
Yo _Ta_2F€_ 4505
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v2=GM<g—}),i.e.v2=C<g—l)
r a r a
whereC is a constant. For earth,
27 x 1\? 2 1
=C(=-= C = 4n?
( 1 ) (1 1>: g

if v is expressed in AU/yr, andanda are given in AU. Hence

472 (2
v§=i<——1>=21.5
a 1+e

(c) Use

and sov, = 4.64 AU(yr) L.

3.18 Two artificial satellites are in elliptical orbits about tEarth and both have the same period. The ratio of the
velocities at perigee is 1.5 and the eccentricity of theli@tavith the greater perigee velocity is 0.5. Calculate
the eccentricity of the orbit of the other satellite and tatorof the apogee velocities of the two satellites.

Solution: no solution available

3.19 Halley’s Comet moves in an elliptical orbit with an eccecitsi of 0.9673. Calculate the ratios of

(a) the linear velocities

(b) the angular velocities at aphelion and perihelion.

Solution:

(a) ra = a(l+e),r, = a(1—e). Conservation of angular momentum requim@s,r , = Mval,,

and so
a_To _17€_ 0167
Vp la 1+e
r,=a(1+e) n=a(1-e)\ Vp

(b) @ = v/r, so that at aphelion and perihelion,

wa  Valp (1—e

2
= —) =276x 1074
l1+e
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3.20 The period of Jupiter is 11.86 years and the masses of Japitethe Sun are respectively33« 10° and 318
times that of the Earth. Calculate the change in JupiteBgalrperiod if the semi-major axis was the same but
its mass was the same as the Earth.

Solution: no solution available

3.21 A lunar probe is put into an elliptical transfer orbit from imcalar parking orbit (radius 6878 km) about the
Earth. Itis intended that the apogee of the transfer orloitishtouch the Moon'’s orbit (assumed circular with a
radius of 3844 x 1P km). If the velocity in the parking orbit is 7.613 knT$, calculate:

(a) the semi-major axis and eccentricity of the transfeitorb
(b) the time the probe takes to reach apogee
(c) the required velocity increment to give the transfeiitorb

Solution: no solution available

3.22 Explain what is meant by the linear momentum of a body andrilesbow it changes when a force is applied
to the body.

(a) Explain what is meant by the angular momentum of a bodwytado axis. What quantity (analogous to
force) changes the angular momentum of a body?

(b) Write down Kepler's laws of planetary motion. Explairsing a circular orbit, the physical basis of the
second law.

(c) Show how a cone can be sliced to give a circle, an ellipseymperbola. Where does a parabola fit in
here?

(d) Consider a satellite in a circular orbit about the Earth.a particular point in the orbit the spacecraft
engines are fired to increase the tangential velocity of thé.cSketch the possible trajectories of the
spacecratft.

(e) Sketch an ellipse and mark clearly the positions of tke 16the Sun is at one focus of an elliptical orbit,
mark the positions of perihelion and aphelion and write dexpressions for the perihelion and aphelion
distances in terms of the semi-major axis and eccentriitgeellipse.

The comet Encke has an orbit with a period of 3.3 years, a@@ihdistance of 0.339 AU and an eccentricity of
0.847. Comet Halley has an orbit with perihelion distanc8.687 AU and eccentricity of 0.967 AU. Calculate
the length of the semi-major axis for each of the above ogbits using Kepler's third law find the period of
comet Halley.

Solution: Linear Momentum = product of mass and velocity.
Newton’s second law states that

t
F =E(mv)—> mv=/ Fdt + c,
dt 0

so linear momentum changes as indicated.

Angular momentum of a body =fifst moment of momentujre.g., about the origin. =
mur sind (Angular equivalent of linear momentum). The quantity agals to Force iJorque

Torque tends to twist or rotate a body (cf. Torque spannetigbiening nuts or bolts). Torque
about the origin=r F siné.

Torque about origin = %(Angular Momentum about 0)

t t
action on body action of body

Kepler's Laws
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First Law The orbit of each planet is an ellipse with the Sun at one focus

Second Law For all planets, the line joining the planet to the Sun swerpfqual areas in equal
times.

Third Law The cubes of the semi-major axes of the planetary orbitsrappptional to the square
of the planets’ periods of revolution about the Sun.

2nd Law: Area swept out in unit time %I’v. So%rv = const— mwr = const. i.e., angular
momentum is conserved. So no torque on planet. So all footelsraugh the centre of the motion
(~ the Sun)— Force of Gravitation is a central Force.

Cone PIC!
Parabola — limiting case between ellipse and hyperbolatiosguarallel to the surface of the cone.
Rockets fired during orbit PIC!
PIC!
Perihelion distance- a(1 — e)
Aphelion distance= a(1 + e)

Encke a(l1—e) = 0.339 e=0.847— ag = 2.215
Halley a(l1—e) = 0.587, e=0967— aqy =17.78
T_,g _ T_,_% . (3.3)2 _ T2

ai a (22153  (17.78)3

Kepler's 3rd Law — — Ty = 75years

3.23 State Kepler's three laws of planetary motion.

Given that the semi-major axis of the orbit of Venus is 0.7288 calculate its sidereal period in years. [5]

Solution: no solution available

3.24 The orbital periodT, of a body of massn in an elliptic orbit about another body of malskis

3 1/2 3\ 1/2
a a
T=2ﬂ[m} =2”(;) :

wherea is the orbital semi-major axis ar@ the gravitaional constant. Alsoifis the speed of the body of mass
m when its radius vector is, then
02— 2 1
“H\r T a)

Show that, if at any time the direction of motionrafis changed without changing the magnitude of the velocity
and without changing the length of the radius vectathe semi-major axia and the period™ of the resulting
orbit remain unaltered. [5]

Solution: no solution available

3.25 A planet of massn is in orbit about the Sun, of ma®4. The sum of the kinetic and potential energy of the
planet in its orbit is a constar, given by
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wherev is the magnitude of the velocity of the planet when its radiestor isr, © = G(M + m) andG is the
gravitational constant. Show that
02— 2 1
=M r a)’

wherea is the planet’s orbital semi-major axis. [11]
Halley's Comet moves in an elliptical orbit of eccentriciiyp673. Calculate the ratio of the magnitudes of (a)
its linear velocities, (b) its angular velocities, at petibn and aphelion. [6]

Solution: no solution available

3.26: Explain the importance of conservations laws for dynamasatonomy calculations, and give two examples of
quantities that are conserved during simple gravitatioratactions. [5]

A body of massniis in orbit about a planet of madd (> m) taken to be at rest. Write down an expression of
the total energy of this system in terms of the body’s spegdnd distance from the centre of the plamegnd

show that )

2 =GM (F + c)
whereC is a constant for the orbit. [4]
It has been suggested that liquid oxygen fuel pods, mined ff® Moon’s South Pole, could be launched to
waiting spacecraft in orbit at a radius of 2 lunar radii abitiet Moon. Given tha€C = —1/a, wherea is the

semi-major axis of the orbit, use the above equation to deterthe initial velocity required

(a) launching the pods vertically from the surface, [3]
(b) launching the pods parallel to the surface. [3]

What other major factor would be important to complete tlamdfer? Explain why (b) might be preferred
overall. [2]

Solution: Conservation laws are important because using them we ¢amdee properties of the

orbits without performing a full dynamical analysis. Thegtamost important conserved guantities
in orbital dynamics are momentum, energy and angular mamentThere are conserved if there
are no external forces and the masses can be regarded atikaoint [5]

The kinetic energy of the body mv?/2 and the potential energy of the system-i6& Mm/r.
As the sum of these is a constakt, we can write

)=
2
_cM(2
v <r+GM2>’

and as energy is conserved AG M?) is a constantC. [4]

(a) Avertically-launched pod will reach a maximum altitiatevhich its speed is zero. In orbital
terms it will be in averythin orbit, withb = 0 and & = 2r,,, wherer,, is the radius of the
Moon. Its velocity in this orbit when close to the lunar sedasatisfies

2 1 GM
vS:GM(———):—.

'm I'm I'm

(b) The orbit of the pod in this case will be such that the potireach maximum altitude on the
opposite side of the Moon to the launch, so that2r,, + 2r,, = 3rny,. Its initial velocity
(whenr = ry) must therefore satisfy

2 2) 4GM

2
—oMm(Z -2 =2=2"
Yo (rm 3 31,
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So the initial speed in case (b)J&/3 times higher than in case (a). It therefore takes more gnerg
to launch into the (b) orbit and this may make it appear lesadive. However this is only half
the story. The fuel is to service a spacecraft travellingiadothe Moon in a circular orbit so some
kind of engine is needed to get the fuel up to the speed of theegpaft once it has reached the
correct altitude. In case (a) the fuel has zero speed whéw atarrect orbital radius, so its speed
would need to be boosted significantly to inject it into awlac orbit for the spacecraft to pick it
up easily. In case (b) the fuel already has an orbital spetsfysag

2 2
2
—GM(= -2
Yo <2rm 3rm>

GM
vV=_| —,
3rm

S0 needs lesAv’ to inject it into the correct orbit.

3.27% TheVenus Expresprobe set off from Earth on 9 November 2005, following a Hohméransfer orbit to the
planet Venus. Explain the basic features of a Hohmann eansbit, and draw a diagram showing the orbits of
Earth, Venus and the probe during this transfer. [5]

Given that Venus has an orbital period of 225 days, use Kepldiird Law to estimate the day of the year
on which you would expect the probe to arrive at Venus. [8]
[You may assume the planetary orbits are circular.]

If we use the astronomical unit (AU) as the unit of distanag] AU/year as the unit of speed, any orbit of
semimajor axia around the Sun obeys the relation

2 1
v2=4712(———>,
r a

wherev is the speed of the orbiting body when a distanf®m the Sun. Use this relationship to determine the
speeds of Venus andéenus Expreswhen the probe reaches the planet. [4]

Solution: no solution available

3.28 Carefully draw a labelled diagram showing the ellipticadibof a satellite around the Earth. Identify on your

diagram:

(a) the semimajor axis length,

(b) the semiminor axis length,

(c) the eccentricityg, (as a lengtlae)

(d) the semi-latus rectum lengtty

(e) the perigee point

(f) the apogee point. [6]
Show that the sum of the distances from a point on the ellipgbe two foci is 2 (given it is the same for

any choice of point). Using Pythagoras’s Theorem, or otis@wgo on to show that the semi-latus rectum is of
length [7]

ro=a(l— ez).

A small satellite, in a circular orbit or radiudkg around the Earth (radiuRg), is given a small radial kick by a
laser beam, shot vertically from the Earth’s surface, bogstinto an elliptical orbit of eccentricity.01. What
is the maximum altitude of the satellite above the Earthféase in its new orbit? [4]
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Solution: no solution available

3.29 From Kepler's laws of motion and gravitation, derive the @tipn for Kepler's Third Law of Planetary Motion
for a planet in a circular orbit about a much more massive star [3]

How is this equation modified to account for

(@) an elliptical orbit,
(b) a binary star system? (2]

Solution: no solution available

3.3Q A satellite, presently in a low Earth orbit of radiusl Rearth, Needs to be boosted into a Hohmann transfer orbit
so that it can reach its final geostationary position @Rgrth. Calculate the semimajor axis and the eccentricity
of the transfer orbit. [5]

Solution:

Ny = 1.1Re andr, = 6.6Rg

For transfer orbit: @ =ry +rp, = 7.7Rg = a = 3.85Re.

Also rp=a(l—e) =>e=1-"2=1— 7€ —0714 5]

3.3%e Using energy arguments, explain what is meant byeseape velocitgf a body when applied to orbital motion. [4]

Assuming the planets presently orbit the Sun in circleswstiat if the Sun rapidly lost up to half its mass
the planets would still move in closed orbits. [5]

The speedv) of a planetin orbit around a star of madss related to its orbital distange) and orbitalsemimajor

axis (a) by
2 =GM (g — E)
r a

Use this equation to show that if the Sun instantly lost atioacf of its mass, reducing its mass frolf, to
Me (1 — f), then the Earth’s (originally circular) orbit would have erjpd of

3
1-f\2
Y 8
T (1_2f> years (8]

[You may assume Kepler's Third Law: orbital period is prapmral to orbital semimajor axis to the power
3/2.]
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Solution:

Total energy E = Znmv? —

GMm s conserved, i.ejmy? = E + SMm

If E > 0, thenv? > O for allr, i.e. the masses are not bound in an orbit.Elf< 0 then no
real solutions exist fop whenr is sufficiently large, i.e. the masses are bound togethethe\t
escape velocitfe = 0: the mass cajust escape, i.e.

1, GMm 2GM
r

2 mveSC — r = Uesc =

[4]
In orbit about the Sun,

mvz_GM@m |e Z_GMO

rr2 o r2
If no escape? < v, ie. Mo < M
whereM is the new mass of the Sun i.®l > Mg /2 maintains orbits. [5]
If v2 = GM (2 — 1) and originallyv? = SHe (R= Earth’s orbital radius)

Then after the loss of mass

Gg/'@ = GMy(1- f)(E —}>

-
Py

1 2-2f-1 1-2f
o1 f 1 f

Tl oo —-
|_\
|

Put periode a%2, so

[8]

3.32 State Kepler's three laws of planetary motion. [3]

Saturn is about 9.6 times further away from the Sun than isEdm¢h. Estimate Saturn’s orbital period, in
years. [2]

Solution: 1. Planets orbit the Sun in ellipses with the Sun at one fo€tizecellipse.
2. Aline joining a planet to the Sun sweeps out equal areagunldime.

3. The square of the period of a planetary orbit is propodidmthe cube of its orbital semi-major
axis. [3]
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3/2
From (3) T2« ad so == (§>

Te ag
If Te = 1yr, andag = 1AU = Ts= (9.6)%?yr = 29.7 AU [2]
3.33 Define the gravitational potential energdy, in a two-body system. [2]

By considering the work done in changing the radial distanica test mass in the gravitational field of a
planet, show that the gravitational potential energy of asym, at radiug from the centre of a planet of mass
M is given by

GMm
U=-— —

whereG is the universal constant of gravitation. [4]

What is meant by the escape spaedo from the surface of a planet? Show that the escape speed from a
planet of mas$/ and radiusR is given by
1
2GM\ 2
Vesc= <—> .

R

Calculate the escape speeds of the Earth and of Jupiter. [5]

Solution: Gravitation Potential Energy of a particle at distandeom a gravitating body defined
as work done in moving particle from= oo to the point in question. [2]

) r2 GMm,
W.D. moving from r; to rp = —/ Fqdr ig =~z L
r

ro l
= GMm/ —2dr
r r
17"
= GMm[——]
i,

= —GMm[E —E]
o I

GMm
r

if ri=o00,r,=r then U =

[4]
vesc = Velocity that an object at the surface of a planet must haesdtape its gravitational field,
ie.tohavev =0 at r = co.

Use fact thay + Ug = const= K, + Ug.

HencelmvZ ,— SMM =0 = veee=,/2M

3

Escape speed from Earth’s surface

vg = 2CMe _ 115 km/s
Re
From Jupiter
2GM
vy = ) — 595km/s

R;
(5]
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3.34 Explain what is meant by a ‘conserved’ quantity in orbitahegnics, and give two examples of conserved quan-

tities. [3]

Write down an expression for the total (kinetic + potentiaflergy, E, of a body in orbit about a massive
body, massvl. Show that at any point in the orbit its speedsatisfies

2
v2=GM(F+C>,

wherer is the separation of the bodigs,is Newton’s constant of gravitation atlis a constant that depends

on the energy. [5]
Show that, for a circular orbit of radiwg this constant must equall/a. [2]
Assuming thatC = —1/a for a general elliptical orbit of semimajor axi& explain why the total energy

and the period of an orbit are related. [2]

A satellite orbits the Earth in a circular orbit of radiag. Its engines are fired to rapidly increase its speed
to the point where its total energy is halved (i.e. is closerdro). What is the eccentricity of the new orbit?  [5]

Solution:
Conserved = not changing during motion. E.g. energy, angnamentum, momentum, mass
(total for system) 3]
E=;m - &I 512 = GM (} + i) = GM (7 +©) 5]
. . v2
For a circular orbit™- = S¥M = 2 = SM 50 ¢ = -1 2]
If c=-1 then E=—-C8M" andKlllsaysthat T?cca® so T oc E3 2]
a=2a,

Eo=—-SM" E=5=a=2a

so ae=a =15 ie e=1 [5]

3.35 Draw an elliptical orbit, identifying the eccentricitg, semimajor axisa, and semi latus rectunng, on your

diagram. [3]

Explain what is meant by the ‘string’ definition of an ellipsed use it to prove that

ro=a(l— ez).

v2=GM(g—E>,
r a

(5]

Given that
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wherev is the speed of an orbiting body of massa distance from an attracting masM, andG is the
gravitational constant show, by considering the angulamerum(L) at periastron, that

L2 = GMnPry.

Explain the significance of this result for orbital manoes:/r

Solution:

ptg = constant.

T

S
S

A

/
&ac

String= 2a

AB? =13 + (2a6)2

also AB=2a-rg

SO g+ 4a’e® = 4a? — darg + 1}
ro=a(l — e?

At periastron rp, = a(l —e)

. _ 2 _ 2
L=muprp; 13=GM(2-1)=L2=mr2GM (2 - 1)
= L?=GMn?2a(l—e) —a(l—e)?) = GMmPa(l — %)
but a(l—¢€® =rg, so L2 = GMn¥rg

Any manoeuvre that does not charlgsvill not changer, e.g. radial kick.

9]

[3]

[5]

[9]

3.36 Draw a diagram to show the elliptical orbit of a planet aroarsdar. Identify the semimajor and semiminor axes
of the orbit. Alsoidentify its semi-latus rectum and delsethe significance of this dimension in orbital dynamicg. [5

Given that the sum of the distances from a point on an ellipsésttwo foci is constant (the ‘string defini-

tion’), show that the semi-latus rectum has length
ro=a(l-— ez),

wherea is the semimajor axis anglthe eccentricity of the ellipse.

(5]

A freely floating astronaut of mags is in a circular orbit of radiusR around Earth. Show that the astro-

naut’s angular momentum is

L=mvGMR,

whereG is the constant of gravitation arldd the mass of the Earth.

(3]
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The astronaut throws a screwdriver towards the Earth, gitiim a radial kick outwards. Given that his new
orbit has an eccentricitg, show he gets no closer to the Earth tHf(1 + e) and that his speed at this point is

v .

SLR is important because its size depends on the orbitalangwmentum. Orbital changes that
do not affect L leavey unchanged too. [5]

_\_\—‘_"_‘m.
rOI \ b a = semimajor
b =semiminor
slar
tp = sermni-latus-
rectum
planet

-———————
a

.

Whené = 0, string lengthae+ a + (a — ae) = 2a
sod+r =2a

Wheno = /2, 4a%€? +r2 =d? = (2a —r)? = 4a — darg +r?
le.~4a ad=a—r,

ro=a(l—e [5]

1Tl
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By definition,L = mvR, but"‘T;;2 = %ﬂ
som?v?R? = GMm?R, andL = myV/GMR 3]

Radial kick meand. is unchanged, sg = R = a(l — &), i.e.

a— R
(1-e)

a(l—e = i(l—e)

perigee distance-r, T
= R/AQ+e

ConservingL: mvpry = MV/GMR = vy = %«/GM R=(1+e),/S¥ [4]
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4 Stellar Astrophysics part |

4.1 What are the main differences between population | stargapdlation Il stars? Why should we expect most
of the population | stars to be in the galactic plane? [5]

Solution:

Population | stars have a ratio (H-He)/metals similar to that in the Sun. The stars are young,
‘second generation’ stars, largely made from material @atsd with ejecta from older
stars. They formed late in the evolution of the galaxy, amdtherefore predominantly in
the galactic plane.

Population Il stars have a ratio (H-He)/metals about 100 times greater than is seen in the Sun
(they are ‘metal poor’). These stars were formed before #iaxg was a disc and can be
found in the galactic halo.

4.2 Write down Rydberg’s equation, giving the wavelengths @l lines from atomic hydrogen. Calculate the
wavelengths of the first three spectral lines in the hydrdg@imer series (i.e., &, H8 and Hy). [5]

Solution: Rydberg'’s equation is (for atomic hydrogen)

where is the wavelength of the radiation associated with the ttians R, is Rydberg’s constant
andm andn are integers.

The Balmer series ham = 2, so

For He, we sein = 3, givingiz = 36/(5R,) = 6563 nm.
For HB, we setn = 4, giving 14 = 16/(3R,,) = 4862 nm.

For Hy, we setn = 5, giving A5 = 100/(21R,,) = 4341 nm.

4.3 Draw a sketch of the general Hertzsprung-Russell diagrarstéws. Label the axes suitably and clearly mark
those regions corresponding to main sequence stars, neis giad white dwarfs. [5]

Solution: The Hertzsprung-Russell diagram:
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A red giants
log;o L
logypLo main sequence
M 4
white dwarfs
l0g15 T,
: 10 'o -
colour index B —V)
-
4.4 Briefly, explain what are:
(@) Cepheid variables
(b) T Tauri stars
(c) eclipsing binary stars
(d) planetary nebulae? [5]

Solution:

Cepheid variables are giant, variable stars whose luminosity varies regulan timescales of
1~100 days. The period of the variability depends criticatiytloe star’'s average luminosity.

T Tauri stars are irregular variables. They are pre-main sequence ammvahilass (0.5 to 81,)
which eject mass as they flare in luminosity, often formingotar outflows. The stars are
usually embedded in the gas and dust from which they formed.

Eclipsing binary stars are stars in a binary system which we see nearly ‘edge oadite stars
regularly eclipse each other. They are identified by thedrabteristic light curves.

Planetary nebulae are gas shells, blown off low-mass stars during their dyingses. about half
the mass of the star can be separated, and the shell is iditmdify the exposed hot core of
the star.

4.5 If we assume that a star radiates as a blackbody, what is khgoreship between its luminosity, radius and
temperature? [5]

Solution: A blackbody is an object that absorbs all wavelengths ot liglfing on it. A blackbody
at temperaturd obeys the Stefan-Boltzmann law:

Power emitted per unit area o T#,
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whereo is the Stefan-Boltzmann constant. A star of radiubas a surface area of&2, so the
total luminosity of the star is
L =4rR% T,

Hence the radius, temperature and luminosity of a starigfassumed to radiate as a blackbody)
are related by this equation.

4.6 Explain how measurements of a star’s colour index and sgdgpre can each be used to determine its effective
temperature. [5]

Solution:

* The colour index of a star is a measure of the power flux froenstiar in adjacent spectral

bands. Hence

F
B-V =mg —my = —-25log,, (F—B) ,
\4

whereFg is the flux in theB-band and-y, is the flux in theV-band. Hot stars are bluer than
cool stars sd-g / Fy increases with temperature. Therefore BieV colour index decreases
as the temperature increases. As a rule-of-thumb for arageestar of temperaturBy
kelvin, B—V = —0.56 4+ 7000/ T .

« The spectral type of a star is defined by the ratio of absmmdtne strengths in the stellar
spectrum. These lines are very sensitive to the gas temperiatthe outer regions of the
star, and the classification sequence is a sequence ofiedféemperature. Hence O stars
are hot and M stars are cool.

4.7e Write brief notes on any three of the following topics, highting their context within stellar astrophysics:

(@) The determination of stellar mass

(b) The determination of the effective surface temperabfistars

(c) Line production and the spectral classification of stars

(d) Stellar evolution off the main sequence

(e) Variable stars. [17]

Solution:

Stellar mass Notes should include: Importance of binary systems. Useepiét’s law,R3/ T2 =
G(my + my)/(4r?), and the position of centre of mass;f; = myr,). Measurement of
the orbital elements by direct observation, spectral amlspectroscopic binaries) and
eclipsing binaries. Complications when orbits are elligtiand observations are not made
in the orbital plane.

Effective surface temperature of stars Notes to include: blackbody approach using the Stefan
Boltzmann equationl. = 47 R?c T4, spectral fitting to Planck curves, the use of colour
index as a measure of temperature and the use of spectrsificeton. Some mention of
why line strengths are affected by temperature. The reé@listhat a stellar surface is not
all at the same temperature. The idea of effective temperaisia measure af/R?.

Line production Ideas include:
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» Spectra as chemical ‘fingerprints’ identifying the eleltngprecies present in the stellar
atmosphere.

* Line strengths dependent on the number of atoms presenharnhs temperature.

* Wavelengths and widths of lines as measures of stellatioatalarge scale expan-
sion/contraction, temperature and pressure.

« Bohr Model, 1 = Ry, (1/m? — 1/n?), for hydrogen.
» Importance of absorption spectra from chromosphere.

» Importance of an ‘activation energy’ to prepare atoms aright state for absorption
(e.g.,n = 2 for Balmer series) leading to an absence of Balmer linesdh stars.

« Effects of ionisation at high temperatures suppressirgiion lines. Spectral clas-
sification (OBAFGKM) as a series of descendifig Molecular lines at lowT , Heii
lines at highT .

Stellar evolution Low mass stars: End of H> He reactions, triple: process and the helium
flash. Increase in core temperature and luminosity, infladioouter envelope ... red giant.
Shell He burning leading to Red supergiants. PlanetarylaebiVhite dwarf.

High mass stars: More nuclear reactions due to greaterysessand temperatures in the
core. Creation of variable stars in the instability strighe® burning and the ‘onion skin’
model. Endothermic fusion for species more massive thare&dirig to a drop in core
pressure and supernova.

Variable stars Including Real variables: Novae (cataclysmic variabledgliri stars (irregular),
Cepheid variables. Use of Cepheids as distance indicaEaigsing binary stars (apparent
variables) and their light curves, etc.

4.8 The relationship between the ma#s, and luminosityL, of a lower-main sequence star is roughlyx M35,
If a star begins to leave the main sequence when 20 % of itoggdrhas been converted into helium, estimate
the time spent on the main sequence by a star MJd@&nd one of LM, given that the proton-proton reaction
converts 0.7 % of the mass of the hydrogen fuel actually useddnergy. You may assume that the star is
initially 100 % hydrogen. [10]

Discuss the significance of your result and use it to desérilvethe Hertzsprung-Russell diagram for a cluster
of stars (all of the same age, but differing in mass) evolwes tme. [7]

Solution: The energy produced is

E=Amd=02x M xc®x0.007. [2]
~—— ~—— —~——
20%  stellar mass yield
Write this as
E = fMc?,

wheref = 1.4 x 10°3. We are told that. /L, = (M/My)3® (the mass luminosity relation), and
we know that if the lifetime of the star isand its luminosityL, is take as constant for this period,
then

E f Mc? [2]

L> — = .

T T
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Therefore
Using the numbers given:

T =6.3x 10Y(M/My) ?°sec ~ 2 x 101°%(M/My) 2 yr 2]
Therefore, ifM = 10M,, T = 6.3 x 10’ years, and iM = 0.1Mg, T = 6.3 x 10'? years. [2]

Low-mass stars spend a great deal longer on the main seqtiercdo high-mass stars 10
times longer in this case). Stars in a cluster have similasaput different masses. We would
therefore expect the more massive stars (at the top of thizdpeung-Russell diagram) to evolve
off the main sequence well before the low-mass stars at ttierb@f the main sequence.

main sequence
/

high-mass stars evolved to red giants

logL schematic of the locations of cluster stars

low-mass stars still burning H
turn-off

point

logT

The location of the turn-off point identifies the age of thestér, as calculated above. A star
will stay on the main sequence for considerably longer ttelifé as either a protostar or a giant. [7]

4.9 (a) Given thatthe Sun-Earth distance i§ ¥ 168 km, the angular diameter of the Sun is 32 arcmin, and the
solar constant is.B6x 103 W m~2, determine the Sun’s luminosity,, and effective surface temperature
Te. {3.85x 108W;5771K} [7]

(b) The luminosity of a star is calculated, from its appareagnitude and distance, to bell§. Its surface
temperature is estimated to be 5000 K. Estimate the raditredtar. [6]

(c) A 0.8M white dwarf star has an effective temperature of 5000 K andriosity of 134 W. Calculate
the radius and mean density of the st@r.7 x 10* km; 3.68 x 10f kg m=3} [7]

Solution:

(a) If the flux of solar energy at a radiuss F, then the luminosity of the Sun Isy = 47r?F.
SettingF = 1.36 x 10°Wm2 andr = 1.5 x 10'*m givesL, = 3.85 x 10?5 W.

The radius of the Sun is given %, = r6/2, whered is the angular diameter of the Sun in

radians, i.e.,
32

0 = a) X % X 21
ThereforeR;, = 6.98 x 10®m. Using Stefan's Law,., = (47 R%)o T3 we get

L 1/4
T, = ( - ) ~5771K
4 RE o
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(b) For the star
L =16Ly = 47 R%T*.

For the SunlL, = 4r RéaTg. Divide the first equation by the second to get
- (=) (£)
Ro/ \To
T 2
o, R=4 (—Q) Ro,

T
ie,R=14x (2)°R, = 538R,.

5000
L 1/2
R=(-—"1) .
(4naT4)

whereT is the effective temperature of the white dwarf. Inserting htumbers giveR =
4.7 x 10*km. Taking the mass of the Sun to bk, = 2 x 10°°kg, the mean density of the
white dwarf is

(c) As above,

0.8x 2 x 10%°

Pmean= 4 Ro/3 =3.68x 10° kg m-3.

4.10 An eclipsing binary has a constant apparent magnitude 488den minima and apparent magnitude 6.82 at
primary minimum. Assuming that the eclipse is total at priyn@inimum, calculate the apparent magnitudes
and the relative fluxes received from the two componentsat(Hémember that the fluk, received from a star
is related to its apparent magnituae, by m = —2.5log; o(F/Fo), whereFg is the flux from a zero magnitude
star.) {0.116}

Solution:

4.35] \ [

6.82

time

Letmpy andmg, Fa andFg be the apparent magnitudes and fluxes of the two componemtd A a
B of the binary. TherFa = Fy x 109%™ Fg = Fy x 10°%4™ andF = Fy x 10-%4™ wherem
andF are the apparent magnitude and flux of the binary betweemmaini

Then F = Fa+ Fg also F = Fy x 10704435 = Fj x 1071740, (16)

But at primary minimum star B is eclipsed m, = 6.82.
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Then

FA — FO % 10704)(682 — FO % 1072‘728

Thus, fromF = F5 4+ Fg, we have

FO % 10*1740 — FO % 1072728_{_ FO % 1070‘4m3’

or 10°%4m — 1071740 _ 10727 = 0.018— 0.002= 0.016

Hencemg = 4.48, -. the magnitudes of the components are 6.82 and 4.48. Thefdheir fluxes
is E_g — 100‘4(68274‘48) — 102‘012 — 0.116.

4.11 Two stars are seen to be in a circular binary system thatijgsing, indicating that we are seeing them almost in
the plane of their orbit. An astronomer observes the Dopghéts of spectral lines from the stars and deduces
the following radial (i.e., line-of-sight) velocities fdie stars as a function of time:

Time (years) ur of star 1 (kms1) o of star 2 (kms?)

0.0000 40 40
0.0005 130 15
0.0010 160 0
0.0015 130 15
0.0020 40 40
0.0025 -50 65
0.0030 —-80 80
0.0035 -50 65
0.0040 40 40
0.0045 130 15
0.0050 160 0
0.0055 130 15
0.0060 40 40

(@) On one graph, plot the velocity curves of the two starsfagetion of time. Hence determine the period
of the systemP, and from the mean velocities of the stars the recessiomitglof the whole systemyg.
{1.461 days; 40 kms!} [5]

(b) Show that the separation of two stars in such a systemeamitien asR = P(v1 + v2)/(27), wherevy
andwvy are the orbital speeds of the stars, and determine thisatepar (Remember to take account of
vo.) {0.02 AU} [5]

(c) Show also that the separation of the stars is relatedetsum of their masses); andmy by R3/P2 =
G(m1 +my)/(472), whereG is the gravitational constant. Hence determine the totakméthe system.

(5]

(d) Finally, show that the ratio of the masses equals thgrecal ratio of their orbital speeds. From this and
the result of part (c) above, calculate the individual massehe two stars. [5]

Solution: Graph as below (sinusoids fitted)
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200

star 1

150 |

-
o
S

velocity (km s?1)

50 f

-100

1 1 1 1 1
0 0.001 0.002 0.003 0.004 0.005 0.006

time (years)

(a) The period is clearly 0.004 years ( = 1.461 days). The evbpstem has a recession velocity
of vy = 40 km s, and the radial velocities of the two stars vary about thismealue.

(b) If the angular velocity of the systemds thenv; = riw andv, = row wherer; andr; are
the distances of the two stars from their common centre okm&simming these we get
(vp+v2) =(r1+r2)27/P,so(ry1+r12) = R= P(vy 4+ vp)/(21).

If P=126x10°s,v; = 1.2x10°ms?, andv, = 4x10*ms, thenR = 3.21x10°m =

0.02 AU. Note that the orbital speeds of the stars equals theekimmum radial velocity along
our line of sight.

(c) Using Newton’s Second Law:

Gm
Rz’

Gm

2. _
and wry, = Rz

a)2|’1 =

Adding these we get
W — G(mg + my)

RS

R®  G(my+my)
P2 4x2
Using the figures above we geh + m, = 1.23 x 10°°kg = 0.62M,.

(d) From (b) we can see that
vy My
v, vy My
using the facts that the stars share the same angular fregaed that the centre of mass
is atmir; = mprp. From the graphm,/m; = 3. If we seta = my/m, = 1/3 and
b=m; +m, = 1.23 x 103°kg then:
ab

m; = = 3.08 x 10°%kg,
(1+a)
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and
b

_ 9
i 9.22 x 10%°kg.

my =

4.12 What is the Stefan-Boltzmann equation, relating the powrgtted from a blackbody per unit surface area to its
temperatureT ? Explain how the relationship can be used to relate the teahpe, radius and luminosity of a
star. [6]

Explain how an eclipsing binary system can be identified fitsrcharacteristic light curve, distinguishing
between the@rimary andsecondaneclipse. [6]

An eclipsing binary system comprises two stars of tempesafly > T, and radiiRy < Ryo. Assuming that the
stars can be modelled as uniformly bright flat discs (arB3) in the plane of the sky, show that the temperatures
of the stars are related by

F-F T¢

F-Fs T24’
whereFp andFs are the fluxes received from the whole system during the pyimiad secondary eclipses, and
F is the flux received when there is no eclipse. [5]

Solution: The Stefan Boltzmann equation states that the power enptedinit area from a
blackbody of temperatur is o T4, whereo is the Stefan Boltzmann constant. This power per
unit area has dimensions of flux, and is sometimes calle@xhtanceto distinguish it from the
flux received from the blackbody.

Assuming the star is a uniform spherical blackbody the lasitly of the starL, is simply the
exitance times the star’s surface area, i.e.

L = 4nr?c T4,

wherer is the stellar radius. In practice stars are not perfectkbladies, but we can still define
an effective temperatur®& = L /(4rr?c)Y* which is closely related to the average photospheric
temperature.

Eclipsing binaries: Take two gravitationally bound stars, star 1 which is smatl Aot and star

2 that is large and cool, and observe them in the plane of ¢hbit. The received flux from this
star system will vary over time as the two stars eclipse e#ithroWhen the larger star (2) is in
front of the smaller star (1), 1 is totally hidden and theltéitax drops to a minimum — thprimary
eclipse When 1 is in front of 2, some of 2's surface is hidden and thedlso drops. However in
this secondary eclipsthe drop is not as great. Some flux is lost from the hidden@schiut the
total contribution from 1 is greater than what is lost (astatter than 2) so the drop is not as great
as in the primary eclipse. Between eclipses we see the sume d@ilixes of the individual stars.

The two stars are very nearly the same distance away fromouthesr fluxes are simply
proportional to their effective luminosities, once edigsis taken into account. The flux of each
will therefore be proportional to T# times their unobstructed surface area. Therefore if thrs sta
are modelled as flat discs in the sky of radiysandr,, the unobstructed flux from each will be
F1 = ar?T/*andF, = ar3T; wherea is a constant. The total unobstructed flux is then

F=arr?T+r5TH.
At primary eclipse, only star 2 is in view, so

Fo=a(iTh.
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At the secondary eclipse we see all of star 1 and all but alstiged bit of star 2, so
Fo=ar{T!+ (5 —r)T;.

Therefore
F-F 2T} T

4.13 (a) Distinguish between the spectrum of a typical O star atypiaal red giant. What information about the
nature of these stars would you be able to deduce from a sfutigio spectra? [7]

(b) Helium shows an absorption line at a wavelength of 44Tidne to the excitation of an electron in the
atom already at an energy level-e8.5 eV (i.e., 3.5 eV below the ionisation level). Calculate ¢énergy

of the electron after absorptiof—0.73 eV} [7]
(c) Theionisation potential of He is 24.47 eV. Atwhat tengiare would you expect to observe the appearance
of singly ionised helium (Heii) lines, and why?315800 K} [6]

Solution:

(a) O stars are hot so spectrum peaks in blue wavelengthsliresv— strong He ii absorption
(and sometimes emission) lines. Red giants are cool (spdgpre K or M) so spectrum
peaks in red wavelengths. Strong neutral metal absorpties (e.g. Ca, H, K). Coolest (M
type) also show molecular absorption bands (e.g. TiO).

Spectra can tell us about stars’

» chemical composition (from line species present),
» temperature (from relative line strengths),

¢ luminosity and/or pressure (from line widths),

» bulk mass motion (from Doppler shifts).

Any 7 correct statements for 7 marks, but no more than 4 frach balf of the section.

(b) The He atom absorbs a photon of wavelength 447.1 nm, witarergy ofE = hv =
he = % = 4.44 x 10719 = 2.77 eV, so the final energy of the electron is
—35+277eV=—-0.73 eV.

7 marks

(c) Singly ionised He lines (Heii) will be observed when thare a significant number of singly
ionised helium ions present. A ‘rule of thumb’ for the Sahai&ipn, as presented in the
lectures, is that a species with an ionisation energy ofill be about 50 % ionised at a

. . . .. —19
temperature satisfyingT ~ f;. For Heii this is a temperature af = % =
15800 K. So a reasonable approximation for the temperahoecavhich we might expect

to observe singly ionised helium lines is 15800 K.

(The lines will increase in strength with increasing tenapere, until the temperature be-
comes so high that doubly ionised — Heiii — helium ions stakiécome dominant.
Give credit for a statement like this, but not required fdr fimarks from this section.)

6 marks
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4.14 A star has a mass of\g.

(a) Show, by a sketch, how energy is transported in the otefithis star during its main sequence phase. [3]

(b) Describe briefly the nuclear reaction that powers a dtdri® mass. Why do stars of a much lower mass
fuse hydrogen via a different chain reaction? [4]

(c) Describe in outline the formation of such a star from asgetioud. Your description should finish when
the star joins the main sequence. How will its luminositywairing this process? [10]

(d) The reactions of the CNO cycle are:

12C4+pt— BN+y
13N N 13C—|—e++v
Betpt— UN+y
14N -I—pJr — lSO-I—J/
150, 15N 1 et 4y
15\ 4 pt - 1264 4He
Show that the overall reaction is
4pt — *He+2et +3y +2v,

and that'?C acts as a catalyst. [3]

Solution:

(a) Sketch of the interior of aM, star:

Convecting fusion core Limit of convection zone

Radiative zone Photosphere

(b) In a main sequence star of madegl6 the CNO cycle will predominate. This produces
“He from *H (= p*) via changing abundances of various isotopes of C, N and @hwhi
collectively act as catalysts. If the mass of the star is thas about M, the CNO
cycle cannot proceed because the core temperature is mo¢haygh. In these stars fusion
occurs via the proton-proton (p-p) chain. This chain is kef§sient than the CNO cycle,
but can occur at temperatures as low as 40° K. Both chains have a strong temperature
dependence. In particular, the rate of reaction of the CN&dnhak proportional to something
like T7. This leads to convection in the core, as the heat generatitve inner core far
exceeds the heat generation in the outer core.

(c) Answers should include the following points:
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 Trigger, e.g., supernova, spiral density wave, close @ star-starts a dense cloud
contracting.

» Dense cloud fragments, and each fragment contrives toamintAs it contracts, tem-
perature tends to rise.

« Initially, energy escapes.

» Then escaping radiation trapped, and the temperaiureises steeply. After a few
thousand year$ rises to 2-3000 K.

» Fragment is now protostar.
» Core temperature increases further, until nuclear reagtbegin. This is now a main
sequence star.

The change in luminosity will be similar to that of thég, in the lecture handout showing
Hayashi tracks i.e., initial small drop and small sharp fawed by gradual rise then a
small drop on to the main sequence.

(d) This can be done either by adding up all the left hand sathelsall the right hand sides and
cancelling all nuclei common to both, or by noting that eaahblide of N and O produced
in one reaction is consumed in a subsequent reaction.

12C takes part in the reaction but is not consumed; hence itasadyst.

4.15 One hundred years ago astronomers accepted the idea thmigimeof the Sun’s luminosity was gravitational
contraction. Assume that the gravitational potential gpef the Sun is given by

aGMZ
= Ro
whereq is a numerical constant. Hence, using the virial theoremyshat the luminosity would be given by
Q dRy
Lo=——2.
2Ry dt

Takinga = 1, and the given values fdro, Mp and R, work out the change in radius over 1 year.

Solution: If the Sun’s radius changed kYR, its gravitational potential energy would change by
approximately

GM2
rg~ R ¢ MO AR, = — 22Re. @)
dRo RS Ro
According to the virial theorem the change in kinetic (thabnenergy of the Sun would be
AQ
AK = ———
2

Therefore the change in total energy of the Sun is given by

AQ
AEtot = AK + AQ = T
Thus—££ must be radiated away.

If this takes timeAt we have
AQ

T2t
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and asAt — 0 using (1)
1dQ  Q dRy

°T T2 d TR, dt

To estimate decrease in radius over one year we use equafion (
d 2L 2L, R2

Ro \i = 2boRo \  2LeRy

dR, >~ =
Ro = & Q GM3

(2)

At (x=1)

SubstitutingAt = 365 x 24 x 60 x 60s; Ly = 4 x 10°°W; R, = 7 x 1®m; G = 6.7 x
107 1INm?kg=2?; My = 2 x 10°°kg we haveAR, = —46m i.e. radius has to shrink by 46 m,
which is not perceptible.

4.16 Describe the main features of the Hertzsprung-Russeltaiiagand show on your diagram the position of

(@) Main Sequence stars
(b) Red Giant stars
(c) White Dwarf stars.

White dwarf stars have absolute magnitude of between 6 aldHat will be the range of apparent magnitude
of such stars in a globular cluster at a distance of 10 kpc?

Solution: The Hertzsprung-Russell diagram:

red giants
log;o L .
M [ 10g0Le main sequence
white dwarfs
l0g,, T,
: 910 'o >
colour index B—V)
-

Using the distance modulus equation (with distam¢@ parsecs)
m=M +5logr — 5 D)

ForM=6m=6+5x4-5=21
ForM =8 m=8+5%x4-5=23
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4.17 Many astrophysical objects (e.qg., solar and stellar flaxta)n such high temperatures that even heavy elements
like iron (atomic number 26) are almost completely ionis&ding the Bohr theory, calculate the wavelengths
of the first four spectral lines and the series limit for elens undergoing transitions to the ground state of 25
times ionised iron (i.e., iron which has lost 25 of its 26 &lens). What part of the electromagnetic spectrum
are these lines in?

The series limit of a set of lines from 25 times ionised ironws at 216 nm. To which level are the transitions
in this series taking place?

Solution: Rydberg formula for 25 times ionised iron is
1 1 1
— =R.Z*| = - = 1
A (nz m2> @

For the ground statey = 1, first four lines correspond tm = 2, 3,4,5. TakingZ = 26,
Ry = 1.097 x 10’ m~L. Plugging into the formula, this gives

Aiﬂ ~ R,Z2 G - 2_12) > hp1=1798x 10°m (1)
)\is‘l _ R.Z?2 G _ 3_12) > hg1= 1517x 10°m (1)
Ai‘u = R, Z2 G - 4_12> — g1 = 1.438x 10 °m 1)
Aiﬂ = R, Z? G - 2_12) — sy = 1.405x 10°m 1)

These lines are in the X-ray part of the electromagnetictsjec

Series limit at 2.16 nm =.26 x 10-° m. Hence

1

_r (1 _
316x 100 et ( )_’n_4 @

n2

4.18 A spherical star of mass! and radiusR is in hydrostatic equilibrium.

(a) Ifthe density is given by
r
P = pPc (1 - —) ,

R
wherepc is the central density, show (by determining the ma&sof the star) that
_3M
pe= 7R3’

(b) Use the equation of hydrostatic equilibrium to find thatcal pressurepc, of the star.

(c) Assuming the star is made entirely of hydrogen, use thaligas law to determine the central temperature
of this star,Tc, and evaluatd, for a star with the same mass and radius as the Sun. (hint:rmbere
electrons are particles too!)

(d) Why is Jupiter not a star™Mjypiter= 0.00IMo, Ryupiter= 0.1Ro)

(e) Would you expect to get a higher or lower central temjpeesf you considered a more realistic chemical
composition for the star?

Solution:
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Central density In general we can calculate(r), the mass enclosed within a radial distanad
the star’s centre from

m(r) = /r Arr2p(r)dr,
0

wherep (r) is the mass density at Substitutingo(r) = p.(1 — r/R) we get
r
_ 2(1_ L
m(r) _471,0C/0 r (1 R) ar

ré  r4
—drpe (= — — ).
”pc(e; 4R>

Therefore setting = R, the mass of the star M = m(R) = 7p.R3/3. Hence

_3M
Pe= RS
Central pressure Using the equation of hydrostatic equilibrium

dp _ Gm(r)p()
dr r2 ’

we have (from our expression for(r) above)

dp Ganp? (13 1t r
L — (1=~
dr r2 3 4R ( R)

Integrating with respect to we obtain

p(r) = 47 Gp? (— - ——+—) +C,

whereC is a constant of integration. Clearly, this constant is éi&opressure at= 0, i.e.,
p. = C. We know that the pressure is zero at the surface of the stgrp{r = R) = 0.

Therefore
RZ 7 R2
C=p.=4Gp’| — - —R*+ —
e ”’Oc(s 36 +16)

Substituting foro, = 3M /(7 R®) we have

_ 5GM?2
Pe=ZrRe

Central temperature The equation of state for an ideal gas states that

’

KT
p="0
“w
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wherek is Boltzmann’s constant and is the mean mass of the particles in the gas. Rear-
ranging this, and substituting the expressionsgpand p. derived above we get

_ 5uGM
°7 12RK

for the central temperature of the star. If we assume thesstatirely composed of hydrogen,
and that it is totally ionised, there are as many electronthe® are protons in the gas.
The mean particle mass is therefore approximately half thesnof a proton, i.emy/2.
Substituting in the values of the mass and radius of the Sugetve

T.=5x 10°K..

(realistic calculations of the central temperature usihgha equations of stellar structure,
including energy transport and power production, yield meahat higher temperature of
1.5 x 10°K.)

Jupiter The central temperature scalesMgR. This ratio is 100 times smaller for Jupiter than
for the Sun, so we can expect a central temperature in Jugisemething like 5< 10* K.
This would be insufficient for appreciable hydrogen fusionhie core of the Sun, and even
less favourable in the core of Jupiter where the density amskpre are lower too.

Chemical composition Adding helium (and heavier elements) will tend to incredse mean
particle mass, and hence increase the central temperature.

4.19 The brightest main sequence star of a certain cluster hatuadsnagnitude 0, and a mass ®fl4. Given that a
star leaves the main sequence when its helium core coestii(i of the total mass of the star, initially of pure
hydrogen, calculate the age of the cluster from the datandiedow.

Sun’s luminosity 4x 1025w
Sun’s absolute magnitude +4.6
Sun’s mass % 1030kg

Energy released per unit masssHHe  6x 1014 Jkg?!

Solution: Using Pogson’s formuldMs — Mgy = —2.5Ioglot—§ — Ls = 4 x 10°° x 691 =
2.77 x 1078w

Mass of hydrogen converted to helium in this staf.2 x 4 x 2 x 10°° = 1.6 x 10°3°kg
Energy releasee: 6 x 10 x 1.6 x 103° = 9.6 x 10*J

Age of cluster = Energy / luminosity: 9.6 x 10*/2.77 x 107 = 3.47 x 10'%sec=1.1 billion
years.

4.20 Takingthe mass luminositi, L) relationship for main sequence stars tabjé o, = (M/M@)3-5 and assuming
that a star leaves the main sequence after burning 20 % ofdteten, show that the main sequence lifetime of
the Sun is 1.93 times longer than that of a star of mass equhétthmiting mass of a white dwarf star. (Take
this limit to be 13M¢). [4]

Solution: Let Lcy and Mcy be the luminosity and mass of the star of limiting mass (CH for

Chandrasekhar). Then
35
Lon _ (Mor
Lo \ Mo
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But lifetime of the Sun= 15 = £ x Mg x 6 x %. Similiarly, lifetime of the star= tcy =

6x 101

1
?)X MCHX Len

. To _ Len Mg _ (MCH>2A5=132‘5=193
"tcH Lo Mch Mo

4.21 calculate the fraction of the mass #fle that can be released through the nucleosynthesié®through the
triple « reaction
3%He - °C,

given that the mass dHe is 4.003 amu and the massl8t is 12 amu. [2]

The core of a Bl star consists of purtHe and constitutes/5 of the total mass of the star. Assuming the star
has a luminosity- = 10L , estimate the maximum continued lifetime of the star. [4]

Solution: *2C has lower potential energy than thfége nuclei.

Fraction of mass that can be releasedx*0%3-12 ~. 0009 _ 4 g0 75.

334003 ~ 12 —

Continued lifetime of star (assuming luminosity is conttan = remai”iﬂjgm"’i‘xﬁl‘i’t‘;'e energy

1 x 2Mg x 0.00079 x c?
_ (5 x2Mo 9 sec
T
Substituting values
1% 2x(2x10%) x 0.000 75x 9 x 106
=2 ( ) =135x 10%s =43 x 10°yr.

10 x 4 x 10?6

(We have ignored further burning éfC to form heavier elements, as this provides very little
energy. Not all the core is necessarily consumed, so theefigiiove is an upper limit, although
approximate.)

4.22 A star 5 times the mass of the Sun explodes as a supernovastaaddi of 2000 parsec. It is postulated that in
the rapid progression of the conversion of hydrogen to i8% of the hydrogen is first converted to helium
via the proton-proton cycle mechanism. Estimate the nurabeeutrinos that would pass through your body
as a result of this initial phase of the explosign.4 x 101" m—2}

Assuming the explosive event takes just a few seconds, hes this rate of arrival compare with the regular
dosage provided by the Sun (see your notes for this figure)? [10]

(Assume that the original star comprises 100 % hydrogen.)

Solution: Number of protons in the star %. Each pair of protons produces 1 neutrino and

; ; ; 1 5x2x10%9%0.8
80 % of the protons are used in this way. Hence number of mestproduced |% =
6.68 x 10°’. The numbers are diluted according to the inverse squaranaihe number passing

through each square metre on the Earth is given by

6.68 x 10°7
47 (2000x 3.08 x 1016)2

=1.4x 10" m~2.

(Approximately equivalent to a human cross-section). Fyour notes, the Sun provides about
6.45 x 10 neutrinos nT2s~1. Hence for a brief time the neutrino arrival rate is about if@s
greater and the event should be detectable.
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4.23 Assuming that stars radiate as blackbodies, show how tHarSBoltzmann law relates the radius, luminosity
and effective temperature of a star. [5]

Stars towards the middle of the main sequence on the HeutzggRussel diagram approximately obey ithess-
luminosity relation L o« M3, wherelL is a star’s luminosity an¥ its mass. With the simplifying assumption

that these stars all have approximately the same mean igsnsitow that their luminosities and temperatures
would be related by

36
logL = - logT + constant,
i.e., that the main sequence would have a slope of abéLit on the Hertzsprung-Russell diagram. [10]

(Note that in reality, the mean densities of low-mass stegssanificantly greater than the mean densities of
high-mass stars.)

Draw a schematic H-R diagram, labelling the axes in terme@fll /L ) and log(T/Tw), and include a line

for the main sequence with the slope you have just derivedwiso lines of constant stellar radius. [5]
Solution: Stefan-Boltzmann law: power radiated by a blackbody at &atpreT is o T per unit
area. Surface area of a star is®?, so luminosity is

L = 47 R% T2,
whereT, is the stars ‘effective temperature’.
If Lo M3 1)
and L « R?T* (2)
and M « R® (constant mean densjty 3)

from (3) R? & M3
from (1) M « L3
= R? x Lﬁ%
from (2), L o« LZ°T* e, L7 T?

-
sQ, 9 logL = 4logT + constant

36
then loglL = - log T + constant

main sequence

lines of constanR

Sun

-2 -3
logT /T,
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logL = 2logR + 41logT, so lines of constarR have a slope of-4.

4.24 Use the lecture handout giving data on stellar spectraktypanswer the following:

Rigel A is the prominent bluish-white star in the constétlatof Orion. Its spectrum is such that it is classified
as a B8 star.

(a) Estimate its effective temperature.

(b) How would you expect the relative strengths of the Hydro8almer, He i and Ca ii lines to compare in
this star? (This is one of the criteria by which spectral tigielentified.)

(c) Spectroscopic studies lead to an estimate 4110 L, for its luminosity. How would you expect its
spectral lines to differ from those of a far less luminous efahe same surface temperature?

(d) Calculate the radius of Rigel A in solar radii.

Solution:

(a) From the chart showing line strength vs. temperaturgectsal type we can see that a B8
star has an effective temperature of about 13000 K.

(b) From the same graph we can see that the Balmer lines sheujdite strong (the strongest
Balmer lines are seen in the adjacent A0 stars) and that@imofrom helium atoms (He
i) is just starting. The star is not hot enough to show strorg &bsorption though. The star
is too hot to show much absorption from Ca ii. So in summary @esirengths in the order
Hi>He i>Caii.

(c) Afarless luminous star of the same temperature wouldkpeated to have broader spectral
lines and weaker lines from certain ionized atoms. The leoimg) reflects the greater density
of gas in the photospheres of these smaller, less luminats Sthis increases the collision
rate between atoms and hence broadens the lines.

(d) We know thatL = 47 R?¢T#, assuming a blackbody spectrum. We can therefore write
R/Ry = (L/Lg)#(To/T)? = (1.4 x 10°)2(5770/130002 ~ 74.

4.25 Assuming that all stars obey the Stefan-Boltzmann law, show lines of constant stellar radius appear on the
Hertzsprung-Russell diagram. Explain how red giants anitevelwarfs fit into this diagram. [5]

Solution: Stefan-Boltzmann law: power radiated by a blackbody at tatpreT is o T4 per unit
area. Surface area of a star is®?, so luminosity is

L =47 R% T2,

whereT, is the stars ‘effective temperature’.
logL = 2logR+41logT, so lines of constar® have a slope of-4. Red giants and white dwarfs
populate the upper right and lower left of the H-R diagram.

4.26: Aspectroscopic double star emits a spectral line at 441 ahsiits into two components of maximum separation
0.2 nm every 10.25 days. What is the minimum spatial searafithe two stars, assuming they are in circular
orbits? [5]
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Solution: From the Doppler formulaAi /Ao ~ v/c — v = 3 x 10° x 0.2/441= 136 km s.
v = 2 R/P (assuming circular orbit, perpendicular to line of sight).
Thus,R= P x v/27 = 10.25 x 24 x 3600x 136/27 = 19.2 x 1(° km.

4.27% Explain why the W absorption line (the first line in the Balmer series) is weaddoth very hot and very cool
stars. Which stellar spectral type has the strongest hgdragsorption lines? [5]

Solution: The Hx absorption line is weak for very hot stars because thereoaréetv electrons
in the low energy levelri = 2) required for this line; electrons are either in much higéreergy
levels, or indeed atoms may be fully ionised. For very coatsstconversely, most electrons will
be in the ground state, and thus not enough electrons are m ta 2 state required for Balmer
absorption. A type stars have the strongest H lines.

4.28 Stars on the main sequence have masses of between aboutl GQ k.

(a) Show where the least and most massive of these starsusn@ éo the Hertzsprung-Russell diagram. [4]
(b) What factors influence the cut-offs at the two extremes? [3]

(c) How does the position of a star change on the main sequnit@ges? [2]
(d) Approximately what range in luminosity would youu expfar these stars? [4]

(e) If the Sun has an expected lifetime of abou%olgbears, estimate the lifetimes of stars at the extremes of
the main sequence. [4]

most massive
-~
’bo-,//.)
S8
90@0
Co

Log L least massive

<—logT
Solution: (a) diagram: [4] marks

(b) Least massive: not hot enough to begin nuclear readiidnsost massive: also extremely
luminous, blowing off outer layers to lose mass (Eddingtamit) [2].

(c)smallmovement left to right as star ages, otherwise star remaisamae location on M-S
throughout its H-burning lifetime. [2]

(d) using mass-luminosity relatidv® o L, and takingr = 3.0 (though any inrange 30— 3.5

acceptable)
L M\
L_:(M—) 1
© o

ForM = 01IMy;=L/L,=013=103 [1]
ForM = 50Mg = L/Ly = (503~ 10°

Plugging in numbers:

(e) Lifetime r = energy available- luminosity x M/M¢. Hencer o« M~? (see notes) [2] So

T _ M@ 2
TO_ M
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ForM = 0.1Mgy = 7 = 100r, = 10'? years [1]
ForM = 0.1My = 1 = 1,/2500=4 x 10° years [1]

4.29 How are stellar surface temperaturés, measured? What is the sequence of stellar spectral typeshiot to
cool? In what part of this sequence would you see spectied lif

(a) helium,
(b) molecules? (3]

A spherical star of ionised hydrogen has a mslssradiusR, and uniform density. Given that gas pressure
is P = 2nkT, wheren is the proton number density, show by considering the presseeded to balance the
gravitational attraction of two halves of the star that dsectemperatur@; depends approximately dvl andR
according to

T = GMmp
T T6kR [7]
Give an expression for the luminosity of a star in terms oR and Te, and given also the mass-luminosity

relationL ~ M7/2 on the Main Sequence (MS), show that the surface temperaftar®S star depends avi
andRas

M7/8

Te~ =iz [5]

Solution: no solution available

4.3Q summarise how a large gas cloud turns into a star, statingpat point it becomes s Main Sequence star. Why
is a protoplanetary disk produced? [3]
Estimate the temperature reached when a cloud of one sotarmaa collapsed to the size of the Sun. [2]

Solution: no solution available

4.31 Sketch two Hertzprung-Russell diagrams, one for a yourrgchiater, and one for an old star cluster, labelling
the axes, the regions of main stellar types, and the locatibdstars of 0.1, 1, and 10 solar masses. [4]
State why the two diagrams differ. [1]

Solution: no solution available

4.32 Using the Stefan-Boltzmann lal = 4 R2s T4 relating luminosityL with temperaturd and stellar radiug,
sketch a model H-R diagram, showing clearly how lines of tamtsradius arise, and why they have gradient of
minus 4. [4]

Using a second drawing, sketch an observed H-R diagram,ispaie position of the Sun, and marking
clearly the main sequence, white dwarf and red giant regions [3]

The proton-proton chain is the main nuclear fusion react@nmain sequence stars. The reaction can be
summarised as
41H — JHe + energy

in which the mass of a helium nucleus is 3.972 times the maaspofton. Assuming that the Sun initially is

composed entirely of hydrogen, and that only 10% of its maasailable for hydrogen fusion, estimate the main
sequence lifetime of the Sun. [6]
How will the Sun evolve after its period on the main sequence? [4]
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Solution: no solution available

4.33 Listthe spectral classes in the Harvard Scheme for ste#iasification, and state the basis on which the scheme
is founded. In which class are:

(@) molecular lines strong?
(b) hydrogen lines most prominent? [5]

Solution: no solution available

4.34 The Stefan-Boltzmann law can be expressed in the form ST# whereSis the surface area of the emitter
at temperaturd, andL is its luminosity. Explain how this equation can be usedné& the size and effective
temperature of stars. Ensure that you explain the meanieffeaftive temperature. State further how the concept
of radiation flux arises, by considering the inverse squane | [4]

Given that the fluxes of radiation from two objects may be abtarised in terms of a difference in appar-
ent magnitude, according to the equation

mp —mp = —2.5log(F1/Fy),
demonstrate that for two stars at the same distance fromsenad, with equally perfect viewing conditions,
mq —mp = —5log(R1/Rp) — 10log(T1/T2),

whereR;, Ry are the radii of the stars, afg, To are the corresponding effective temperatures. [3]

An eclipsing binary star system comprising of a larger, loieég star with a smaller, dimmer companion can
be identified from its characteristic light curve. Sketcis fight curve, identifying the primary and secondary
minima, and explaining briefly how they arise. [4]

For such a system, show that the ratio of the stellar temy@stan be given by
1
Ti (F-Fp)3
T, \F-FS)’

whereF, Fp and Fg are respectively the flux received from the binary systemnaieclipse is present, the
flux received during a primary eclipse, and the flux receivediing) a secondary eclipse. [6]

Solution: no solution available

4.35 What nuclear process sets in after H to He burning runs ougimsequence (MS) stars? [1]
What readjustments in the stellar structure cause thispgpére? [1]
What is the heaviest element reached in the fusion sequémeassive MS stars? [1]

Estimate the energy released when the 2 solar mass core ofsivatar collapses to a radius of 10km and
name the resulting observational phenomenon. [2]

[G =6.7 x 1001 XN m2 kg2, solar mass = % 103%kg]

Solution: no solution available

4.36 In the Harvard spectral classification scheme, state thetrsppéype that is characterised by the following line
emissions:

(a) strong molecular bands
(b) strong ionised Helium lines in emission or absorption
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(c) dominant metallic lines.

Describe very briefly how such spectral lines form, and wieythre useful for stellar classification.

Solution: no solution available

4.37 Name and briefly describe the three outer layers of the Sun.

Solution: no solution available

4.38 Sketch the structure of the Sun, indicating the approxirteteperatures of the distinct radial regions.

What process is believed to heat the corona?

Estimate the temperature at the centre of the Sun giventthasimass.D x 10%0 kg and radius D x 10°m.

Solution:

radiation

photosphere
G000K

core
~10°K

Corona heated by dissipation of magnetic energy

T, roughly given by the balance of thermal (pressure) and tienal energy

. GMm
ie. kT, ~ Tp

6.7x10 11x2x10%0x1.7x10-%7

so Te = 7x108x1.4x10-23

~23x 10°K

(5]

(5]

(2]
(1]
(2]

2]

4.39 The temperature of the surface of the Sun is 5800K. If the Sdiates like a blackbody and the albedo of the

Earth in sunlight is 0.37, estimate the temperature at thfaceiof the Earth.

What assumptions did the calculation above include?

(7]
(3]

Based on the above result estimate, using Wien's Displaceir&wv, the wavelength at which the Earth’s

radiated spectrum peaks.

(2]

Comment on how your calculated value compares with the bietomgerature at the Earth’s surface, discussing

possible reasons for any discrepancy.

(4]
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What planet has a large discrepancy between surface tempecalculated as above, and actual surface tem-
perature? [1]

[ Wien's constant = B x 10°3Km |

Solution:
Can calculate the luminosity of the Sun using
L = 47R20T2 =4n x (6.97 x 10°)? x 5.7 x 108 x (5800* 1]
= 3.94x 10°°W

Now, the power per unit area at a distarigdrom the Sun is

F(D)= ;5 = 47132‘3‘&11%2112 =1.39x 108 Wm=2 (the solar constant) [1]

Power absorbed is
Po=01—-AP= P,1-Anra’F(D)

At temperatureT,, planet emits: Poyt = anazaT;‘

I:)ln = IDout
= (1- Ara’F(D) =4ra’o T,
= (1-AF(D)=4T,
s, (1-AF(D)
= T,= —
(1-0.371.39x 10°
T4 = = 3.85x 10°
P 4% 5.7 x 108 x
[4]

henceT, = 249K [1]
Assumptions made include:
Tp uniform over lanet
Earth behaves like a perfect ‘blackbody’ in emission!
All latitudes receive equal amounts of incoming solar riadia [3]
Wien’s Displacement Law states:
AmaxT = constant= 2.9 x 103 Km
= Amax= 2.9 x 1073/249= 11.6 microns [2]
Calculated valud is ~ 30 to 40 degrees lower than actual average value [1]
Reason is moderate ‘greenhouse effect’ on Earth [1]
Solar radiation easily penetrates atmosphere - absorlieattitand re-radiated at longer IR wave-
lengths [1]
Absorbed by C@and HO in atmosphere - trapped- increases temperature [1]

Venus has a large discrepancy between surface temperatontated as above, and actual surface
temperature [1]
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5 Stellar Astrophysics part I

5.1 Draw a(log P, log p) diagram for cold dense matter, labelled with the main saoé@ressure involved in each
part. Show the tracks of contracting stellar remnants adité@te the locations of white dwarf stars, neutron
stars, and black holes. [5]

Solution:

BH

Pop ~ p*/*

/ log p

5.2 Explain briefly why a star can never reach a final static eiopiilim state unless it develops an internal pressure
which does not depend on temperature. Name the two classestotold stellar remnants, identify the range
of masses of each. What do stellar remnants heavier tham leesme? [5]

Solution: Thermal pressure support at finite = energy loss by radiation. Once there is no
fusion energy left shrinkage is required no static equilibrium,-. ‘cold’ pressure required.

Equilibrium states are white dwarf (electron quantum pressM < M¢n, = 1.3Mg, and
neutron star (hucleon quantum pressurexNo, = 2.7M and M > Moy, — Black Holes

5.3 What observational features characterise pulsars? Danivexpression for the minimum rotation period of a
massM, radiusR and express this in terms of density [5]

Solution: Regular € 1) pulses (radio or optical usually), very constant pe(R® ~ centuries
or more ) and high pulse luminosity.

Minimum rotation periodr = 2= set by centrifugal limity > w?R = © > 27 (W) =
1/2
3
(&)

5.4 What is meant by a compact accretion X-ray source ? Write damwexpression for the luminosity,ace due
to accretion and derive an expression for the limit set byatagh pressure. [5]
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Solution: Source powered by infall df kgs* (from comparison star) in gravitational potential
EM of compact object,

GM .
L=—M
R

- - L
Radiation pressure force on argais 5 = Fr

4rr2c

Gravitational force= G':Azm" — Fo, Fo > Fr = L < 7GMme

p

5.5 Explain briefly why pulsars pulse. The period of the Crab guis 33 ms. If the number of pulses received on
successive days drops by 3 per day calculate its slowdownRatn seconds per day. [5]

Solution: no solution available

5.6 Explain why pulsars must be small massive objects and whievawarf stars are ruled out in favour of neutron
stars. [5]

Show how neutron stars acquire such high rotation ratestemubsmagnetic fields and obtain an expression for
the minimum rotation period. [6]

Due tointernal restructuring the radiBof a neutron star is reduced t®@®R. Assuming mass, angular momentum
and total magnetic flux are conserved, obtain the factorshighthe following change:
(a) rotation rate [2]
(b) magnetic fieldB. [2]

Solution: High luminosity and slow change of perieg massive object (large energy) and small
pulse periodAt = size< cAt. White dwarfs cannot rotate fast enough because centtifingia
~ pY?is not fast enough for White Dwayf values.

Angular momentum conservation
2 2 1
MR“w = MRy a)o:>a)o<@.
R decrease enormously in collapse to dSvery highw. Magnetic flux conservation

1
4nRz|3=4n|R>(,2BO=>BocE
GM R3

2
R =7>%\gm

Wz Ri\? 1\?
o= (=) =(as)
B, 1\?
2= (as)

5.7 Giventhe expressions= 71/AX, P = BnEandEe = p?/(2me), where the symbols have their usual meanings,
derive the quantum electron pressure in a hydrogen gas sitylgn

o ﬂhz 0 5/3
Qe= 2me mp '
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(6]

Given also that the central pressure needed to balanceygfava spherical masM is
T\Y3 | 2/3 4/3
Po=(5) oM%Y,
derive the density of a white dwarf star:

3m5m3
47 G mpmeMZ.

= 3 gaE

(5]
Write down the corresponding expression for a neutron staiséate the source of pressure. [3]
Hence show thaRns/ Ryg =~ Me/Mp. [3]

o ~1/3 o 1/3
s (2) ()
Mp Mp

Poe = BNE = — ) — = =B8— | =
Qe =F P (mp) 2me (mp) /32me m,

Pc(p) = PQe(p)

Solution:

leads to a5 3
47 G mamg

3 B3s

2
PWD =

For neutron star, corresponding expression is

A7 G3mg
T3 B3P

2

PNS

Pressure source is neutron degeneracy pressure.

For samev

1/3

™ 13

Rus (=) _ (pwo>1/3 C(mE\T_me
Rup (i)” PNS m3 mp’

PWD

5.8 Two degenerate white dwarf stars have masseg M> and surface temperatur@s, To. Assuming them to
radiate like blackbodies (i.e., bolometric luminosltyg = 47 R20T4), show that their absolute bolometric
magnitudesMy, M» satisfy

5 M T1
M1 — M2 = =logyg—= — 10log;g —.
1 2=3 d10 Mo %0 T

Solution: By Stefan’s law
2 _T4 2 4
Ll N 4 RlO'Tl . Rl Tl
L, 47R0T} \R T.)

Ll R2 Tl
M; — M, = -25log,, — = 5log,, — — 10 log,, —.
1 2 Gio L, Gio R Gio T

Therefore
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But for white dwarf stars radiusc mass /3, therefore

R (M1>1/3
Ry N Mo ’

and so to the answer.

5.9 Briefly describe the observational evidence for the existenf white dwarfs and neutron stars. [6]

By estimating the gravitational attraction between twa/alof a uniform sphere, show that the pressure within
a star of mas#1 and radiusk is approximately

_ GM?/(4R?

P
7 R2

)

and hence thaP o« M2/3p%/3, wherep is the stellar mass density. [4]

In white dwarfs, this pressure is balanced by an outwardspreshat increases a8/3 . Describe the source of
this pressure and use the relation to show that, in equilibrihe radius of white dwarfs varies Rsx M -1/3, [4]

Compare this with the corresponding result for stars of worislensity. [3]

Solution:

White Dwarfs: We can measure the effective temperature tdrédrom, e.9. AmaxTef = CONSt.,
and determine its luminosity from measurements of its flex,and distanceD, using
L = 47 D?F. The radius of the staR, can then be determined from the Stefan-Boltzmann
law, usingL = 47 R?¢ T#. When this analysis is performed for many stars, there iassaf
object that clearly show$.z > 20 000K andR < 300 km, consistent with the parameters
predicted for white dwarfs. The analysis of the orbit of thedbjects in binary systems
confirm theR o« M—Y2 rule predicted for white dwarf mash|.

Neutron Stars: These are not usually seen via their thesdétion as there surface area is too
small to give significant luminosity. Instead, they are sedirectly as pulsars (rapidly rotat-
ing neutron stars that emit non-thermal radiation at a vigly luminosity). The pulse width
gives some indication of the size of the pulsat (~ R/c) implying thatR ~ 10km. The
rapid rotation rate also implies a small radius, to preventrifugal breakup. The regularity
of the pulse, and the dynamics of pulsars in binary systedisate a massive object, always
more massive than the Chandrasekhar limit. The non-thewadaltion indicates that pulsars
possess a strong magnetic field.

Take two equal hemispheres of mass, each of nvgsa separated by a distané& Approxi-
mating each hemisphere as a sphere of M&ga, the force of attraction between the two halves
is
G M?2/4

F Rz

so the pressure between the surfaces is

b force  GM?/(4R?)

— = x M?R™4.
area 7 R2

The density of the material is
mass

= MR3,
volume
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SOR « p~13M13 e,
P p4/3M74/3M2 x p4/3|V|2/3.

This gravitational pressure is balanced by the ‘degenegpeeysure’ of the electrons in the white
dwarf. If an electron is spatially confined tox, the x-component of its momentum must be at
leastpy >~ i/Ax. The Pauli exclusion principle means thételectrons in a volum& only get
aboutV /N of the volume each.

If the degeneracy pressuredasp®? then in equilibrium,

5/3 x ,04/3M2/3, i.e., 1/3 x MZ/B.

o o
By definition of densityp o« MR3, so
MY2Rtoc M?3, e, Roc M~Y3,

A star of constant density would haw¢ « R?, i.e., R o« M*1/3 (cf. above). A star of constant
density would get bigger with greater mass, whereas whigrfdvget smaller.

5.10 Sirius B is a white dwarf companion to the brightest star erttght sky, Sirius A. It has an effective temperature
of 29000K and a mass of M.

Use your lecture notes and the physical constants at thedfdahe problems handbook to estimate:

(@) the radius of Sirius BR {4.8 x 10° m}
(b) its mean densityy {4.3 x 10°kgm~3}

(c) its luminosity,L. Express this as a multiple of the solar luminosity;, and comment on the value
{0.03Lc}

(d) Theelectrondegeneracy pressure atits ceRggeexpressed in pascals (1 Pal N m*2). {1.96x 10?2 Pa}

The thermal gas pressure that supports main-sequenceagtinst gravitational collapse will also contribute
slightly to supporting white dwarfs. Taking the thermal gzare at the centre of a white dwarf to Bg =

2k Tp/mp, whereT is the temperaturke is Boltzmann’s constant andp the mass of a proton, estimate its value
and compare it to the electron degeneracy pressure calduabve.{2 x 108 Pa}

At what temperature would these pressures be eqfzaf® x 10°K}
Assuming Sirius B consists of a soup of electrons and protehat is the mean separation of the protons? How
does this compare with the separation of atoms in a ‘norneéiti® {~ 7 x 10-13m}

[A = 1.054 x 10734Js. Note that any answer close to those quoted is acceptaliet the inside of a white
dwarf is thought to be considerable hotter than the suiface.

Solution: Note that onlyestimatesre required, so that any order-of-magnitude answer igp#cce
able. In the lectures we develop a simple model of a white Harad derive a value for its radius
that is about a factor of three smaller than the acceptecevallere, we will use the standard
numerical expression for radius:

-1/3
R=14 800(ﬂ> .
Mo

(@) TakingM = M, we getR = 4.8 x 10°m

(b) p = M/V. The volume of the white dwarf ¥ = 47 R®/3 = 4.6 x 10?°m?3. Using a mass
of M = 2 x 103%kg we getp = 4.3 x 10°kgm3.
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(c) Use the Stefan-Boltzmann lavic = 47 R?s T#. Inserting the numbers givds = 1.16 x
10°°W = 0.03L,.

(d) The model derived in the lectures gives

Po =~ (-) = 1.96 x 10??Pa
3me \ M,

for the electron degeneracy pressure in the white dwarf.

We are told that the thermal pressureRs = 2kTp/m,. The factor of two is there because
both the protons and electrons contribute equally to thenrthepressure, and/m, just equals
the number density of protons alone. Inserting the numlevedaes we get a thermal pressure of
Pr = 2 x 10'® Pa which is about Htimes smaller than the electron degeneracy pressure atgdul
above. The thermal pressure does not make a significanitmaidn to the the support of a white
dwarf, despite their high temperatures. For the pressares equal we would need a temperature
about 10 times higher, i.e., about 275 million degrees.

Finally, we determine the number density of protons in théeutwarf, ny:

M

P=x >~ NpMp,
sonp = 2.57 x 10°*m~2. The volume occupied by one proton isn}, and the distance between
then is about /1n$/3. Inserting our value fon, we get a proton separation of abouk 710~ m.
The diameter of a hydrogen atom is about¥n, so the protons/electrons in our white dwarf are
about 100 times closer together than are the atoms in nor@ém This is why the densities of
white dwarfs are aboutl00)® times higher than the densities of normal cold matter, sscice
cream.

5.11 show that the density of a neutron staifjust aboveMcr, is about(mp/me)3 times larger than that of a white

dwarf of M just belowMcp. Hence show that the minimum rotation period of a white d\/isa(fnp/me)3/2
times larger than that of a neutron star of comparable mass. [12]

The angular velocityo of rotation of a self-gravitating sphere of masls radiusR, is limited by centrifugal
break-up taw < w1 as described in your notes. In addition, relativity forbéoy part of the rotating body to
move faster than the speed of light,so setting another limib < wy. Show that the centrifugal limitpy,
always applies first (i.e., show thai < w>) since, for the reverse to be true would imBty< Rs/2, whereRg

is the Schwarzschild radius, —i.e., the body would be a biext. [8]

Solution: Minimum rotation periodc = 27 /w (centrifugal limit) is given by

472 GM
=R

RB\? 1
T =27 (V) X m

But since the objects have the same mass they have densitfesriatio

so that

4 G3mgmg 3
p1_ pwd(M = Mecn) 35377 (%)

P2 pwd(M = Mcr) %G;Z”g Mp
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E 3 (&)1/2_ (%)3/2
T2 r1 Me '

The centrifugal limitw; is w; = (GM/R®)Y2, The relativistic limit isw, = ¢/R. So
w1 (GMRAO\Y? /GM\Y? [Rs\Y?
() () ()

Hencew; < w, only if R < Rs/2, in which case object has become a black hole.

Hence

5.12 The period of the Crab pulsar is 33 ms and the luminosity assabwith it is 2x 1031w, Assuming the neutron
star to have about one solar mass and a radius of 5 km, findntieestale on which the Crab pulse period is
increasing. (I yeae 3.1 x 107 s)

Solution: Rotational energy

Erot = %Iwz = :—5LM RPo® = 4%2 |\/|:2
wherer = rotation period.
Power radiated £
47?2 MR?

.. spin— down time = E,ot/L = —
p Tsp rot/ .2

4 2 x 10%° x (5 x 10°)?

idd = 1.81 x 10'%secs= 585 years
5 X 2% 10° x (33 x 10 3)2 x y

" Tsd =

5.13 Abinary star system comprises an ordinary star which sh@sisgic Doppler shifts of amplitudax = 0.168
nm in an optical line ok g = 600 nm, and a pulsar the apparent period of which varies withraplitude
At = 1.26 ms about a mean ¢&f = 0.9 s. If the primary star has a spectral type indicating a magod,
find the mass of the companion in unitsidf; .

Given also that the orbital period is 2.78 hours, find theiiratlon of the system.

Solution: no solution available

5.14 showthatif matter accretelirectlyat a rateM on to a spherical mass and if its energy is radiated off agbzy
radiation, the temperature resulting is
_ (G M P ) 1/4

3o

whereo is the Stefan-Boltzmann constant gmthe mean density of the object. Calculdtéor a white dwarf
star of M, and for a neutron star ofM¢, using the relevant values or expressions@io andp from your
notes. Assume mass increases by accretion on a timesca® péars.

Solution: Accretion luminosity .
Lacc = G M M / R

Blackbody luminosity of sphere
= 47 R% T4



5 Stellar Astrophysics part Il 123

Steady state implies that these two quantities are balanced

ArR’c T4 = GMM/R

T GI\)IX M 1/4: GMp\ 7!
o 47 R3 30

so that

5.15 Show that the mashl of a spherical mass accreting matter at the Eddington Ismitdreasing on a timescale

= O'p M
~ 4rmpc R’

whereop is the photo absorption cross-section for the accretintppeo

Solution: no solution available

5.16 It was at one time proposed that the Sun was kept luminous dydttential energy released due to infall
(‘accretion’) of meteors. Calculate approximately howdanwould take the mass of the Sun to double due to
this process. (I yeas 3 x 107 s).

Can you suggest at least two observations which would réfigedea?

Solution: Potential energy released in infall of 1 kg onto radRig gravitational field of masM
is

GM
E=—(Jkg*
R (Jkg™)
If mass (meteors) falls in at a ral kg s~* then the rate of energy supply is

, GMM .
ME:T(Wor JS )

If this is to supply the luminosity we must hal¢E = L or

_RL
T GM’

At this rate, the (approx.) time taken for the Sun’s mass tabtiois the time to accumulate a
further masdMat a rateM or

M

M  GM?
T = — =

M RL -

Numerically,
67 x 107 x 4 x 10°°

7 x 108 x 4 x 10°6
Contradictory Observations

= 9.6 x 10**sec= 3 x 10’ year.

(1) Ifthe Sun’s mass doubled in 30 million years, the Eaxtitst would shrink (due to increased
gravity). Thus 30 million years ago the earth would have biegther from the sun. In
addition the sun would have been cooler then. The existehiussils older than 1Dyears
rules this out.
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(2) Evenin 1000 years the Sun’s mass would changey 3“4 — enough to change the orbits
of planets at a detectable level.

(3) The necessaryl is quite large namel\, /T ~ 2 x 10°kg s*. If this comprised microm-
eters of sayn = 1 microgram each then the meteor inflow rate wouldvbgm = 10?4 per
second. At the Earth’s orbit this inflow would occur over aesghof radiusR = 1 AU =
1.5 x 10 m so the flux would be /47 R?> = 10m2s~1. This is far higher than the
meteor rate seen in space.

(4) Thereis no evidence (spectral) of heavy elements, afhvimieteors are made, being present
in the Sun’s atmosphere.

Notes:

(a) The calculation given is only a rough approximation. €elact we should write
3 /ZM GMdM’
M R(MHL(MY)
The approximation used is effectively to sRyM’) = R(M), L(M’) = L(M) — the first

terms in a Taylor series expansion. Usually such rough astisnare correct within factors
of about 2.

(b) You might notice that thismeteot timescale is actually the same as the Kelvin-Helmholtz
time. That is because the K-H time is really the timescaleipply L by letting the Sun’'R
shrink so that the magd of the sun releases energy by felling under the gravitilatself.

In the case of meteors, we are allowiMyto increase by infall. But in both cases we are
dealing with supply oL by changing the total gravitational energy

GM? L dQ
R soL= q

In one case varyingr and in the otheM.

Q ~

5.17 In your notes, degenerate objects like white dwarfs androeugtars have been described in terms of ‘cold’
degenerate pressuriye. In practice, such stars are quite hot when they form butgit tensities, the thermal
gas pressurel = pkT/(ump), is assumed to be negligible. Taking the expression for #yexderate electron
pressurePoe etc. from your notes, show that the ratio of thermal to deg#eepressure at temperatdrdor a
white dwarf of masM is

P 28/(3\%® RkT 1

Using the values of the constants from your notes, calculai temperaturd a white dwarf ofM = Mg

would have to have before was roughly equal t®ge. {3.2 x 109K}

(For this purpose take = 8 =1.)

Solution: - 12,573
p=2" and PQezL '053.
UMy 2memp/

Substitute forp for white dwarf stars, i.e.,
4 G3mgmgM2
P=—""35
3 B3n®
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to give
P 28 ( 3 )2/3 KT 1
Poe 1 \47/) G2mmp®M¥3
Numerically, withy = 8 = 1 this gives forM = 2 x 103°kg:
P
— =3.1x101°T,
PQe

so thatP reaches the valuBge only for T = 3.2 x 10°K.

5.18 Taking the gravitational energy of a uniformly dense splwrmassM, radiusR to beQ = —3G MZ/(SR),
show using the expression f&s from your notes that the gravitational energy of a neutran st masaM is

s

3 (4 2/3 GzM7/3mg/3
T 58\ 3 h2

and calculateR for a neutron star oM = 2Mg (taking 8 = 1). Compare this with the Sun’s outplt, over
1010 years.

A planet of the same massand radius as Jupiter orbits a giant star at a distaite= 8.2 x 1011 m. This star
turns supernova and releases enéfglyby the collapse of al?lo core into a neutron star. If 1 % ¢€2| goes
into radiation, calculate the planet’s rise in temperat(ife do this, assume that the planet intercepts a fraction
nr?/(4w D?) = (r/2D)? of the total radiation and that the rise in temperatyiis given by(m/mp)kT = U
whereU is the total energy absorbeldis Boltzmann’s constant, armdp is the proton mass (so tha/ my is the
number of ‘atoms’ in the planet)].

What would be the effect on the planet?

The other 99 % of energy goes into neutrinos. If each of theseehergy 1 MeV, calculate the total number
of neutrinos which would pass through you (assume an arearﬁﬁ if the explosion took place in the Larger
Magellanic Cloud (distance 50kpc).

Solution: We know that the gravitational potential energy of the namustar,2, is
3G M?
5Rns

3\?* B2
Rns=(4—> —8/3 .
T Gmy°M1/3

0 __3 4_71 2/3 GzM7/3mg/3
56 \ 3 he
SowithM = 4 x 103%°kg andp = 1 we getQ = —6.4 x 10*"J.

Comparison with the Sun: The luminosity of the SurLis = 4 x 10°°Js™%. In 10X years, the
Sun therefore emité4 x 107%) x (3.1 x 107) x (10'%) = 1.2 x 10*J of energy.

Energy radiated i€ = 0.01 x |Q| = 6.4 x 10*J. Energy intercepted is

and that its radius is

Therefore

E’ = E x (fraction of sphere covered by cross sectional area of planet
r 2
=E(5p)
72x 100 \?
= (6.4 x 10%® e —T
(64 x 1079 x (2x8.2x1011>
=12x10°"J
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Hence

7
AT:ME=7.5><105K,
k mp

which is sufficient to vaporise all solid material.

Total neutrino energi, = 0.99/Q2| ~ |2|. Sothe number of neutrinos emittedNs= 71 =
6.4x10%7 4 % 1090,

T6x10 19106
Number intercepted by 1fat R = 50 kpc is
Nintercept= N x 47'[1R2
B 4 x 10°0
47 x (500002 x (3.1 x 1016)2
= 1.3 x 10",

NOTE - these simply pass through a human body because thepibeaross section is so tiny.

5.19 The angular velocity of rotatior2, of a self-gravitating sphere of maks, radiusR, is limited by centrifugal
break-up to2 = Q1 as described in your notes. In addition, relativity forbég part of the rotating body to
move faster than the speed of lightso setting another lim2 = Q5. Show that the centrifugal limit1,
always applies first (i.e., show th@y < Q2) since, for the reverse to be true would impty< Rs/2, where
Rs is the Schwarzschild radius, so that the body would be a Hiatk

Solution:
Q<
where
Q2R = GM/R? centrifugal limit
i.e.

Q<Q =/GM/RZL

Q< Qo
whereQ2; R = tangential speee- c. So
Q<Q,=c/R
Q R GM
Q—l = /GM/RZ x o= (ﬁ> = J/Rs/(2R)
2

If we had2; > Q5 thenR < R,/2 and the object would be a black hole. Thus fhelimit is
encountered first.

5.20 A star of massvl and radiusRk, made of ionised hydrogen, collapses without mass lossdorbe a white dwarf
of radiusRyg <« R, and in doing so loses gravitational enefgy Taking the gravitational energy at radiRso
beQ2 = —3G M2/(5R), and assuming that half of the energy lost goes into healy #tet the star's temperature
increases during collapse by an amount

GMmy
T 10kRyg’
wherek is Boltzmann’s constanG the constant of gravitation, amdy, the proton mass.

Hence calculate the mean temperature at formation of a whitaf of 1 solar mass, and radius32« 100 m,

neglecting the initial temperature. If the surface of tlee bkiad this temperature in what wavelength range would
you expect it to emit?
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Solution: The gravitational energy lost as heat is

—3GM2 —3GM? 3G M?
0.5AQ = 05(91 - Qz) =0.5 — ~

SRy SRy 10R; ’

(sinceR; > Ry), whereR; is the radius of the white dwarR,4, andR; is the radius of the original
star.

The thermal energy of electrons and protonski$ 2 per particle or BT per (p,e) pair. There
areN = M/m, such pairs, s&J = 3MkT/mj,. Therefore

AU = 3MKAT/m,.

EquatingAU = 0.5AQ, and assumin@\T > Tinitial, gives a final temperature of

_ GMm,
~ 10kRyg

as required. Substituting numbers gives

B 6.6 x 1011 x2x 1039 x 1.7 x 107%7

—7x 10°K .
10 x 1.4 x 10 23 x 2.3 x 10 %

From Wien'’s displacement lawt {,axT = constant) the emission would be in the X-ray wavelength
range fmax ~ 4.3 x 10-3nm).

5.21 (a) Each of two white dwarf stars has mads and radiusR; and is rotating at angular velocity;. If
these stars coalesce into a single white dwarf of md&s and corresponding white dwarf radius, and if
rotational angular momentum-(M R2w) is conserved, show that the angular velocity of the newlsing
star is

wp = w1 (Ma/M)?/3 = 2230y,

If the initial stars are at their critical centrifugal breag angular speed of
w1 = (GMz/ Rf)l/z,

show that the new star rotates below its critical breakeyalue by a factor of ¥ 3,

(b) A rotating neutron star gradually increases in mass dugctretion of matter. Angular momentum is
conserved in the process and the accreted matter initiaynto angular momentum. Use tR¢M)
relation for neutron stars to show that the angular spgethd rotational kinetic enerdy, vary with M

according to
o E _ (M\¥?
wg Eg UM

while the (negative) gravitational binding ener@yaries as

Q (M_o)
where subscripg refers to initial values.
Is the total energ¥ + 2 decreasing or increasing? Where is the energy going to,rmingpfrom?

Solution:
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(@) Angular momentunAM = | v ~ M R?w.

Conservation oAM= M,Rew; = 2M; RZw;

w2 _ M R
w1 - M2 Rg
M 1/3
but R~M Y3 so -2 (—1> =2(1/2)Y3 = 2?3
w1 M2

NOW, Werit = V G M/R3
and w1 = a)critl == 1\ G Ml/ R::L3
and a)critz == 1\ G MZ/ R:ZS

o 223, 23 [GMy/R?

etz JGMp/RE |\ /GMy/R

— 22/3 Mle — 22/3 M_l2 _ ﬁ — 213
M, R? M2 2 ‘

(b) Angular momentumAM = low ~ MR%2w ~ M3y (sinceR ~ M~Y3). So, if AM is

constantw ~ M~13 or
© (Mg 1/3
wo - M

Rotational kinetic energf = | w?> ~ MR20w? ~ M¥3w? so
E o EEVIREIE Mo 231\ Y3 Mo 1/3
Eo |wo Mg M Mg M

Gravitational Q- _2GME M
ravitational energy ——g R O(M71/3

Q M 7/3
S0 — =(—
Qo Mo

Mo 1/3 Mo 7/3
Totalenergy E+Q =Eg i + Qo v

For largeM the second term dominates and the total energy increaseibug is negative
sinces? is negative. This excess loss of gravitational energy wilirgo heat and radiation.

SO,

x M3,

5.22 A neutron star radiates by direct accretion onto its surfaee no accretion disk is formed) at a rate set by the
Eddington limit. Show that the temperatureof the resulting blackbody radiation from the neutron stafesces

varies as its mashl increases, according to

T (M52
To  \ Mo '
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Solution: no solution available

5.23 (a) White dwarf material is almost perfectly conducting Isattsuch stars can be taken as having a uniform
temperatureT. If a white dwarf has masM and radiusR and is taken to be made up of protons of
massmyp, and electrons of very small mass, each with thermal en%kgy, use Stefan’s law to show that
radiation will cool a white dwarf on a timescale of about

3Mk
T ~
c00l = 4 Mo TIR2
wherek ands are the Boltzmann and Stefan-Boltzmann constants. Hence

(i) Calculate the cooling time for a white dwarf of mass 2030 kg and radius % 10°m, at temperature
T =10'K.
(i) Show that two white dwarfs of masséé;, Mo and of temperature®;, To» have cooling times in

the ratio 53 3
Teooll _ (m) / (E)
Tcool2 Mo T1 '

and luminosityL 1, L2 in the ratio

Ly (M) 2P My
Lo \ Mg )
(b) A more exact description of the cooling described abev®iconsider the differential equation which
says that rate of charge of thermal energy equals the rataliztive output. That is

d <3MkT> _3MKdT o e
dt mp

whereM, R are constant. Show that the resulting time evolution of ¢énegeraturd (t) is then given by

©v_ 1
TO (14 3t/1e00n/3’

wherer¢gg| is as given in the first part of the question fbr= Tp.

Solution:
(a)
Total thermal energy contenE
T ~ —
cool = Rate of energy loss by radiatioh
: . 3 M 3
with  E = Total number of particlesx —=kT =2 x — x =kT
2 my 2
,where 2 allows for electrons and protons, and
L =47 R% T4,
1 3Mk

M

IR T4 Armyo TR
(i)
4 x 10%0 3 14x102% 1 1

=" x— = 3.45x10" s= 1.11years
feool = 1751027 "7 57 x 108 (1073 " (2 x 109)2 X y
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(ii)

= X = —_— —_— —_
Tcoop, ~ 4mmpo T13 Rf 3Myk M, \ Ry T:

R (M)?
R \M
3 3
) ()
. Tcoob My T1
2
g L RETE (Mz)% Té (M2>% (T1>4
L, RITA |\Mmy T \My) \T2)

d (BMkT) 3Mk dT > 4
— = — =—47R%T
da\ m,

mp dt
dT 471mpaR2 1
== ——|dt = —d| —
T T4 < 3Mk ) (3T3)
1 [(4TmR%
TUT3(t) Mk

For White Dwarf stars

(b)

) t 4+ constant
and constant = from initial condition
0

T8  4rm,R% 3
P — —Tot + l =
-I-3 Mk ‘L'COO|

+1

Hence result.

Note thatroo decreases a2 so that afT = 10°K the cooling time will have increased
from ~ 1 year to~ 10* years and aT = 10°K to 10’ years. This shows that, iS an
estimate of the cooling time based on the local grad%ént

5.24 What are the main observational featurepofsars? [2]

Describe briefly the accepted model of pulsars and explaintigin of their high magnetic fields and spin rates.
Why do they produce high energy particles ? [3]

Solution: no solution available

5.25 What is meant by the terinlack hol® Name, and obtain an expression for, the effective radiasotdck hole
of massM. [2]

Name, and give the value of, the mass above which cold stellanants are expected to form black holes. What
evidence is there for the existence of black holes? [3]

Solution: no solution available
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5.26 Why are gravitationally accreting neutron stars proposedxplain some powerful compact X-ray sources?
What provides the accreting mass and by what two mechaniamthis mass be transferred to the neutron star? [6]

Write down an expression for the accretion luminosity foeatnon star of mashsl and radiusR, and derive the
Eddington radiation pressure limit to this luminosity. [4]

If the neutron star were to accrete the mass directly onguitce (no accretion disk) show, using Stefan’s law,
that the steady surface temperatdrewould be

. 21/4
T |: GMM :|
47 R3¢
[4]
and evaluatd for M = 4 x 103%kg, R=10*m, M = 10 Mg yr—1. [3]
[ 1yr = 3.2 x 10’ sec]

Solution: no solution available

5.27% Describe the main observational and physical propertiggite dwarf and neutron stars, and explain how these
two classes of object arise in models of stellar evolution. [8]

Show that for any self-gravitating spherical object of tsdR and massM there is a minimum spin period

given by
1/2
R3
FJI’I”III’I ~ 21 (W)

whereG is the gravitational constant, such that if the period igt@rdhanPy i, the object will disintegrate.  [5]

Estimate the ratio oPpyp, for a white dwarf compared to a neutron star, if the white dias a radius 500 times
larger than the neutron star. Assume that both objects ase ¢b the Chandrasekhar limit.

By evaluating the minimum periods for such objects usingcipralues, how does this information support the
idea that pulsars are rapidly rotating neutron stars? [4]

Solution: no solution available

5.28 Describe briefly what happens in a type-Il supernova fronirtsant that the stellar core begins to collapse after
nuclear fusion ceases. [5]

Solution: no solution available

5.29 sSummarise the observational evidence for the existencénivéiwarfs and neutron stars. [5]

By estimating the gravitational attraction between twovbalof a uniform sphere, show that the presyat
the core of a star of madd and radiusR is approximately

_ GMm?2 .
©7 4xRA [4]
and hence thalP; ~ M2/3,4/3 wherep is the stellar mass density. [3]

In white dwarfs, this pressure is balanced by an outwardspreshat increases as/3. Describe the source of
this pressure and show that white dwarf star radii varRas M—1/3. [3]

Compare this with the corresponding result RM) for stars of constant density. [2]

Solution: no solution available
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5.3Q What are the observational characteristics of pulsarsai®an expression for the minimum rotation period of
a gravitationally bound spherical object of dengity [5]

Solution: no solution available

5.31 Draw a(log P, log p) diagram for cold dense matter, labelling the main sourcgsesdsure in each part. Show
the tracks of contracting stellar remnants and the locatadiwhite dwarf stars, neutron stars and black holes. [5]

Solution: no solution available

5.32 Starting from the hydrostatic equati@d D/dr = —pg show that the central pressuPe- ¢ in a spherical mass
M of uniform density density is

T

Pe = (€>% GM3p3.

(4]

Given the expressions (BpAx > h whereAx andAp are the uncertanties in particle position and momentum,
and (2)P = BnE, which gives the quantum degeneracy pressufer particles of energ¥ and number density
n, and wheres is a number, show that for electrons in hydrogen of mattesitep,

2 5
p_Bh (P )3
- 2me mp ’
whereme andmy, are the electron and proton mass, respectively. [3]
[You may useE = p2/(2m).]
Hence show that the radil®y p and densityp\y p of a white dwarf star are

2
3\3 pnr? _1
RWD=<4—) 75/3“/' 3,
T Gmemyp

4 G3mgm%

2
5w M [4]

PWD =

Write down approximate corresponding expressions for &raestar, explaining whyPqe is not relevant and
what replaces it. [2]

If the surface temperatureb of white dwarfs at the time of formation satisfy o« M/R show that their
14
blackbody luminosities. then would obey « M 3. [4]

Solution: no solution available

5.33 State the relationship between radRsnd massv for white dwarf stars and for neutron stars. [1]
Roughly what is the ratio of the radii of white dwarf starstioge of neutron stars? [1]
Write down an expression for the luminosity, of a compact object accreting mass. [1]
Show that, if the accretion rate is fixeld,oc M4/3, 2]

Solution: no solution available
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6 Observational methods

6.1e A galaxy is imaged by optical, infra-red, radio and X-rayeaiopes. Describe briefly the likely differences in
the features of the four maps. [5]

Solution:

Optical - optical emission and the effects of absorption

IR - thermal emission from dust

radio - hydrogen emission

X-ray - individual high energy ‘point’ sources

Where dark bands appear in the optical, bright bands appélae infra-red — the halo distribution

and the dust follow the galactic arms. The X-ray sources Bawge concentration in the galactic
plane — but there are some objects in the halo.

6.2 A comet displays a tail of 15and it is planned to take photograph of it with a regular 35 namera with
the picture format having dimensions 24 mm36 mm. Calculate the focal length of the lens that would be
appropriate. (5]

Solution: Assume tail to be along one of the sides of the format — for g@l@n36 mm

Now,

s 36x 360
S=Fg= F=>=2X% 166mm
I R T-svp

(other starting assumptions would be acceptable but thétiresvalue should be between 100 and
200mm.)

6.3 Describe the physical reasoning behind the criterion thentinimum angle resolvable by a telescope may be

represented by
1.22,

D
where is the wavelength of the radiation amdthe diameter of the telescope. [5]

o

Solution: Point images produce diffraction patterns in circular sygtmn Overlap of patterns
occurs if objects are close to each other. From the form opéttern a useful criterion emerges
whereby point images can be considered to be resolved itteecof the second image coincides
with the first dark ring of the first image>

1.22:,
o= —-":.

D

A diagram would be useful.

6.4 Define the ternparallactic angle Given that the smallest annual parallax that can be medibyrground based
telescopes is 0.001 arcsec, calculate the maximum stédtande that can be measured in parsecs and in metres. [5]
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Solution: ‘Parallactic angle’ is the shift in angular position brotigibout by a change in the
viewpoint; the amount of shift depends on the baseline betvilee two viewpoints and inversely
on the distance of the object.

0.001 arcsec= 1000 pc

1AU _ 0.001
d 206265
206 265
d= x 1.496 x 1011 m= 3.08 x 10°m.
0.001
6.5 Explain why large objective telescope designs are no loogesidered in preference to reflector systems. [5]

Solution:

Large lenses are heavy and can only be supported arouniditheptical distortions caused
by changes in orientation.

Chromatic problems.

Large lenses are thick — absorption is serious.

Chances of encountering a defect (bubble) are greaterthiiker materials.

Large lenses= long focal lengths which usually require matching tube thng

All of the above are not apparent or are of reduced signifiedinttie system is a reflector.

6.6 Describe the optical layout of a Cassegrain telescope. [6]
Explain the use of a Fabry or field lens in the design of a plettéc photometer. [5]

Such an instrument is designed for use with a 2.2 m telescipeaviocal ratio off /12. Calculate the diameter
in the focal plane of the field stop which limits the field ofwi¢o 15 arcsec. [6]

Solution: Diagram showing primary mirror with central hole, sphermamary; secondary mirror
(convex) altering the focal ratio and directing the radiatio a focus behind the primary rear plane.

Non-uniformity of the photocathode would produce spurisigmals if the star image position
moves during measurement. Seeing and telescope trackikg tinia inevitable. A simple ray
diagram shows that by spreading out the light such that leedepe aperture is focused on the
photocathode, the light patch remains fixed for small imdgplacements.

Focal length= 2.2 x 12m,

22x12x 15
S=F0 = ———————m=0.019m=1.9mm.
206 265
6.7 Explain why a dish type radio telescope provides poorer lamgasolution than its optical counterpart. [7]
Describe the operation of a simple two-element radio ieterheter. [5]

An interferometer with baseline of 1 km operates at a frequexri 3000 MHz. Estimate the angular resolution
of the system. [5]
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Solution: Compare typical wavelengths and telescope dimensione ineiolution equatiof ~ %
optical ST’—m’"“ = 5 x 10’ radians, radio%(%‘ = 5-3radians. Radio is worse off by a factor of
~ 104

The radio antenna along an EW direction (PIC!)

Constructive interference whddsine = n the receiver displays interference fringes as the
object drifts across the meridian. Its position can be ‘higitted’ from the record of the central
fringe, resolutionx %,

c 3x10¢ 0.1
A=-—=—"T=01m=x~ — ~ 10 *radians
v 3x10° 108
6.8 Describe the basic photographic process for recording éagalactic clusters. [7]
Explain how magnitude values might be obtained by laboyadorlysis of the plate. [7]
What is meant by the phrasthe dynamic range of a photographic star plate is 5 magni@de [4]

Solution:

» Exposures of plate in focal plane of telescope/camera.

Development to convert ionised silver bromide crystalsiteer grains.

» Fixing process to work out remaining Ag Br crystals.

Laboratory data reduction using a machine like COSMOS.

Because of seeing and scattering, the diameters of stelagas depend on the stellar magnitude.
If a threshold level of image strength is used to measure rifegyé diameter there is a linear
relationship betweem andD.

The linearity only operates over a limited range of magratudlues: for faint stars, no record;
for bright stars, over exposure. As a plate is exposed, tigbttstars are over exposed and fainter
and fainter stars are recorded. At the end of the exposuges th a range of stellar magnitudes
which are recorded in the linear response region: lineaotyers a range- 5 mags.

6.9 Describe the layout of a simple X-ray telescope. [6]
Describe the principle of a proportional counter for useraX-aay detector. [6]
An X-ray source is at 50 pc and has a luminosity of a03lw, chiefly liberated in the X-ray region. Estimate
the detector pulse count production rate if the telescopeat@llection area of 840 ém [5]

ssume X-ra oton ener eV =04x a .
A X-ray ph gy 4keV=6.4x 1016

Solution: One of these designs might be presented

(a) ‘Box of tubes'.
(b) Fourier grid design.

(c) Grazing incidence focussing system.
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Expect to see labelled diagram of detector system with camsre&bout location of passage of
X-ray by resistive anode and analysis of pulse shape.

Flux of X-ray radiation at Earth

B 6 x 10%1 -2
~ 47(50 x 3.086 x 106)2

Flux entering telescope
6 x 10! 840

~ 47(50 x 3.086 x 1016)2 10¢°
A 4 keV X-ray photon— 4 x 1.6 x 107163 = 6.4 x 10716J. Hence event rate

_ 6x10%x840 1
47 (50 x 3.086 x 10'6)2 10 x 6.4 x 10-16
~26x10°s7L.

6.10 (a) The CO molecule produces a spectral line at 230 GHz. V¥hheiwavelength of the line@.3 mm}

(b) Using the identitysnm = 1 240/ Eey, Whereanm is the wavelength in nanometres aagy is the energy
in electronvolts, calculate the energy of a photon assediaith H8 emission with wavelength of 486.1
nm. {2.55 eV}

(c) Aband of X-ray radiation has a wavelength of | nm. Whahis photon energy expressed in key1224
keV}

[1GHz=10"Hz]

Solution:

_ ¢ _ 3xac
(@) A =1 = 5357 Mor 1.30 mm.

(b) Eev = 320 =2.55¢eV.

(©) ;h\? energy of a photon & = hv = ¢ = % J. Expressed in eV this is 1.24
ev.

6.11 Astar provides & 10-17W m~2 of Hx radiation at the bottom of the Earth’s atmosphere. Caleuks number
of He photons per second entering a telescope of 500 mm diameter.

Assuming that the main source of noise is the randomnessiat=with photon counting, estimate the signal-
to-noise ratio of an K brightness measurement of the star using an integratiandfrs0 s.

Solution:
H, radiation entering the telescope4 x 10717 x %(O.S)ZW
=7.85x 107 18w.

Wavelength of § = 656.2 nm.

hc 6.6 x 103 x 3x 10°
Energy of hoton=hy = — = 1077J
gy of i photon=hv = = 6.562 X

=3.02x 10719
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7.85x 10718
§82 x 1019
= 26 photons per sec

Hence the number of photons per sec entering the telese

In 50 second integration, expected photon cedri0 x 26 = 1300.
For photon counting, s/t N/+/N = /N = 36.

(In reality, the situation is worse than this because ofgmaission losses in the telescope and
the quantum efficiency of the detector. Recorded count wbald a factor of 10 less, giving a
signal to noise ratio which is a factor /3 lower.)

6.12 (a) The 2.5 mIsaac Newton Telescope is usefl/a6 with a 5 mm square CCD chip at its focus. Calculate
the field of view that would be recorded within the picturenfiat. [5]

(b) (i) An f/10 telescope with a focal length of 3000 mm is used with aniegepf 20 mm focal length.

What is the magnifying power of the system? Would this magaiion allow all the collected light
to enter the pupil of the eye? [6]

(i) A double star has a separation df 8 arcsec) on the sky. What would be the physical separation
of the images in the telescope focal plane? [4]

(iii) The limiting magnitude for this telescope is 13.6. Bdson this figure, what limiting magnitude
might be expected for a telescope of 500 mm diameter? [5]

Solution:

(a) In order to determine the size of images in the telescopa plane, the focal length value is
required. NowF = fD = 15x 2.5 = 37.5 m. The angle subtended by a dimendiamthe

focal plane is given by = | /F = 5 x 10-3/37.5 radians, o(5 x 10~3/37.5) x 206 265=
27.5 arcsec.

(b) () Magnifying power isF;/Fe = %) = 150. Magnifying power is also defined by
D;/De. HenceDe = D;/M. Now the diameter of the telescope is givenfyf =
3000 — 300 . ThereforeDe = 3% = 2 mm. This is smaller than the eye’s pupil and
all the light can be accepted by the eye.

i 3000x3
(i) 1 =F0 = 35556 = 0.044 mm.

(iii) The limiting magnitude of the telescope depends oratme@unt of energy collected from
the star, which in turn depends on the area of the telescapeidure, or the square of
its diameterD. Atelescope with an aperture of 500 mm is therefore?3800> = 2.78
times more sensitive than one of aperture 300 mm. Two statgliffier in flux density
by a factor of 2.78 will differ in magnitude bym = —2.5log,,2.78 = —1.1. The
new limiting magnitude is therefore 13.6 +1.1 = 14.7. (Langember means fainter.)

6.13 (a) A 3-mirror coudé telescope feeds an all-reflection spewtter comprising a collimator, a diffraction
grating and a camera. The entrance slit of the instrumenwalthrough only 50 % of the light contained
in star images. Assuming the reflectivity of all the mirravde 80 % and the efficiency of the reflection
grating to be 50 % , estimate the overall optical transmittent the system{8.2%j} [4]

(b) An astronaut observes a star while in a launch vehicleraodrds its magnitude as 4.5 when it is at a
zenith distance of 25 Given that the zenith extinction is 0.5 mag, what magnitwdald the star appear
to have when viewed from the module in orbit?.95} [4]

(Bouger’s law for atmospheric extinction may be writtemag) = mg + Amsect.)
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Solution:

(a) Transmittance of telescope (0.8)°2 = 0.512.
Effect of slit cut-off= 0.5.
Transmittance of spectrometer0.8 x 0.5 x 0.8 = 0.32.
Total transmittance efficiency 0.512 x 0.5 x 0.32=0.082 0r 8.2 % .

(b) Above the Earth’s atmosphere, the astronaut would sesttr without extinctior= mg.
Nowm(¢) = mpg+Amsece, thereforang = m(¢) —Amsec; = 4.5—-0.5seq25”) = 3.95.

6.14 A 3-mirror coudé, telescope has a primary mirror of 2 m diagneind is used in the infra-red, the pass band of
the detector having a wavelength of L.th. What is the theoretical angular resolution of the telps€o

Solution:
a=122./D =122x 12 x 10*6/2 =7.32x 10”7

6.15 Explain why the sizes of in-focus images of stars photogeddby a telescope reflect their flux densities. [6]

From a calibration study using standard stars in the field fdund that a measured image diamede(in x«m),
can be related to a magnitude by
m = 10— logod.

Two stars are measured to have image diameters of 100 angrh5@spectively. What is their magnitude
difference?{0.176 mag.} [4]

Solution:

Am=m; —my = —109,7100+ log;,150
=—-242176=0.176 magnitudes

6.16 For a photographic plate with a gammayof= 0.6 it is found that reasonable exposures cover a density range
of 2. If a star of & magnitude is at the limit of over exposure, calculate thghiriess of the faintest star that
can be recorded satisfactorily so allowing a good measureaféts brightness.

Solution: no solution available

6.17 Compare and contrast the use of photographic plates andmhbtiiplier tubes as a means of performing stellar
observations.

Itis planned to observe photometrically 25 stars withiredlat cluster to an accuracy &f0.05 magnitudes. Esti-
mate whether it is better in terms of efficiency of telescape to perform the measurements using photography
or whether a photoelectric photometer might be used.

Solution: no solution available

6.18 Sketch out the design of an imaging X-ray telescope.
Describe the principle of a Proportional Counter as used-rayKAstronomy.

An X-ray collimating telescope comprises a honeycomb oésubith a total collecting area of®m?. A source
has an emission line close to 10 nm and provides a flux o8BV m~2 at this wavelength. Estimate the count
rate from a proportional counter when this telescope sy#etinected to the source.
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Solution: no solution available

6.19 The Lovell radio dish at Jodrell Bank has a diameter 80 m aadebeivers can be tuned to 1 4201Hz, with
a band-pass of 10 MHz. A point radio source of 2.5 janskysiglgpserved. What is the theoretical angular
resolution of this system? What is the power available foect&on?

(1Jy=10"28wWm=2Hz 1)

Solution:
1.22x
o0=—
D
3x 108
A=—=————-=021m
v 142 x 10°
1.22(0.
Hence o= ﬂ radians
80
= 0.0032 radians

SO0 « =11 arcmin
1 Jansky= 10-26W m~2 Hz .
Assuming perfect reflection from the telescope dish, theggmollected is

-7 (80)2

—=25x 10" x 10'W

—1.26 x 10°1°W.

6.20 Describe the principle of a microchannel plate as might leelirs deep ultraviolet astronomy. Also describe the
principle of a proportional counter as used in X-ray astropo

An X-ray collimating telescope comprises a honeycomb oésulsith a total collecting area of ®m?. A source
has an emission line close to 10 nm and provides a flux o8BV m—2 at this wavelength. Estimate the count
rate from a proportional counter when used with the telesedpich is directed to the source.

Solution: Microchannel Plate

— Full description in Lecture notes.

Small holes at entrances to curved cylinders.

— photosensitive material on the edge of the holes reledsesons. Because of the potential
gradient along the length of the cylinder, electrons arelacated. On impact with the
cylinder walls, further electrons are ejected, so progdgain’. For each photo-electron, a
shower of~ 10* electrons occurs at the output.

Proportional counter Full description in Lecture notes.

Alcohol/argon mixture in a tube with outer sheath (tranepgre.g., mica) acting as cathode
and inner central rod acting as anode. When an X-ray photesegahrough, ionisation occurs
and a pulse is registered. A resistive anode allows theiposit the photon to be determined. The
strength of the pulse indicates the energy of the photon eéhfre device’s name.

Energy received by telescope10-18 x 0.5W.
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Energy of X-ray photon = hv
hc  6.6x 103 x3x10°

- = J
A 10 x 109
=2x 10
1018 %05
Hence countrate = ——— — = 0.025s .
2 x 1017

6.21 The Hx line (656 nm) of a star is observed in emission and the radidtom a narrow bandpass centered on
the line provide a flux of 1017 Wm=2 at the bottom of the Earth’s atmosphere. A monochromatadia this
wavelength is attached to a 2.5 m telescope. Calculate theplcollection rate of the system assuming that
there are no losses in the instrumentation. [5]

Solution: no solution available

6.22: A CCD chip comprises an array of 2 0482 048 elements each of 16n square. Itis to be used on a telescope
of 10m focal length. What is the width of the field of view (ac¥that the system would capture? [5]

[1 radian= 206 265 arcsec]

Solution: focal length = 10m

size of image in focal plane given lsy= f x 6 whereé is angular extent of object being
viewed.

FOV width must be less than width of CCD chip (=2048 x 15 misrer0.031m)
Thereforef3.1x10~ 3 radians= 0.18 degrees= 630"

6.23 Sketch out the optical layout of a grating stellar spectiemimdicating the important parts of the system. [7]
A spectrometer with spectral resolving power of 80° is used to determine the radial velocities of stars. What
is the typical minimum stellar velocity that could be degettvith the system? [4]
What is meant by the RLD (reciprocal linear dispersion) op@csrometer? [2]

A CCD with 300 pixels per row, each element beingui wide, is attached to a spectrometer with an RLD of
25 Amm~1. What is the spectral range covered in a single exposure? [4]

Solution: no solution available

6.24 Describe the configuration of an X-ray telescope suitahiénfiaging. [5]
Such a system with a collection aperture of 30 cm diameteesigded to take X-ray images at energies of 2
keV. Using the Rayleigh criterion, estimate the angulaolg#n of the instrument in arcsec. [7]
Describe the principle of a detector system suitable foratpan with the above instrument. [5]

[1 radian= 206 265 arcsec.]

Solution: no solution available

6.25 Two stars radiate as black bodies with maximum brightnesseelengthsimax, of 500 nm and 700 nm. It is
also known that the first star has a radius three times langarthe second. What is the ratio of their luminosities? [5]
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Solution: no solution available

6.26 A star provides flux of 6< 1017 W m~2 of optical radiation in a wavelength passband centered 6nr0at
the bottom of the Earth’s atmosphere. A 2.5 metre telescopsdd to perform photometry.

(a) Determine the theoretical angular resolution of thesebpe.
(b) Calculate the flux entering the telescope.
(c) Estimate the number of photons per second collectedeogplerture.

(d) Given that the transmittance of the optical system is @d%the quantum efficiency of the photo-electric
detector is 15%, determine the signal in terms of recordedgpblectrons per second.

(e) Calculate the observing time required to obtain a sigmaloise ratio of a measurement of 10.

(f) Prior to the display of the analogue signal, the eledtr@ystem provides a gain of 0 Calculate the
current flow to be converted as the final display.

Solution: Inall areas of observational astronomy (e.g. Optical, K-e¢c.) itis useful to know the
fundamental limit that the photdiow imposes on the detection of sources. To do this, flux needs
to be converted to photons per second. The signal can bertet\again later to whatever units
are appropriate to the exercise. This Tutorial providesgpls exercise on conversion procedures.

(a) Theoretical angular resolution is given &y= 1.22%. Inserting the values givery =
1.22500<107 . 506 265= 0.05 arcsec.
(b) Flux entering the telescope is

2 2
6 x 10717 x mD7 _ 6 x 10717 x ”ZT‘S =294 x 1075w,

(c) The above is the power in the captured signal and this earobverted into a photon count
rate, according to the energy carried by each photon.

hC_6.6xl(T34x3><1O8

Energy of each photon sy = — = —=3.96x 10°1°].
gy ot each pho A 500 109 x
2.94 x 10716
H hot ivalrate- —————— =742 x 10°s L.
ence photon arrival rate= 396 x 1&19 X S

(d) After passing through the optics and being converteal ifotoelectrons, the event rate is
7.42 x 107 x 60/100 x 15/100= 66.8s 1.

(e) In order to obtain a S/N ratio of 10, the number of photttetss required for detection is
given by 10= +/N. HenceN = 100. Time required is 10®6.8 = 1.50s.

(f) Current flon=electron flowx charge on each electron. So, current flew66.8 x 1.6 x
10 amp=1.10 x 10~ amp.

6.27 Sketch out the optical elements and their layout for a basictsometer. [9]
Estimate the typical transmission efficiency of an optig@cirometer. [3]
Define the ternSpectral Resolving Power [3]

A spectrometer has a 25 mm diffraction grating with a rulifid. 800 lines per mm and is used in first order.
Estimate the smallest stellar radial velocity that mightlbeected with this instrument. [5]
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Solution: (a) See below for sketches of a spectrometer based on fefrdtHS) and reflection
(RHS)

slit . dispersing element (prism)

focussing or
camera lens

collimating
lens R

B

detector

diffraction grating
(dispersing element)

Collimating
Mirror

focussing
mirror

Marking scheme:
slit, collimator, dispersing element, mirror, detector
1/2 mark for each element included/2leach for correct name = [5]
Elements in correct order = [1]
Light is parallel after reflecting from collimator = [1]
Light is dispersed by prism/grating = [1]
Light is focussed onto detector with different colours dftedent positions = [1]
Total = [9]
(b) Transmission Efficiency:
Grating spectrometer has 3 reflecting elements (collimatating, camera). S& ~ (0.65)° =
0.27 (n.b. anything from 0.6 to 0.8 OK for reflection efficiendyacsingle element).
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Prism spectrometer has 3 refracting elementsT se (0.9)° = 0.73 (n.b. transmission effi-
ciency for a lens is higher than reflection efficiency for agetfhg surface).

(c) Spectral Resolving PoweR

A

R=—
AL

wherei = wavelength at which observation made akd = minimum difference in wave-
length that can be resolved (or distance in nm between 2rgpédtures that can just be separated)

(d) Spectral resolving poweR given by

R=Nm

whereN = total number of lines onilluminated part of grating and= order of diffraction.N =
25mmx 1800 lines/mm =45000. Observation made in first ordense 1. ThereforeR = 45000

So

giving vmin = 6.67 x 1®m s?
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6.28 A 4 m Cassegrain telescope worksfatl5.

(a) Determine the theoretical resolving power of the telpsc [3]

(b) What is the size of the recordable field by a 1>cincm square CCD chip in the telescopes focal plane? [4]
(c) Given that the quantum efficiency of the CCD is 60%, estintlae overall telesope/detector efficiency. [4]
(d) If the telescope were to be used visually, estimate thiifig magnitude. [3]

Solution: (a)a = 1.22,/D, the Rayleigh criterion. Takeé = 550nm (though anywhere from
450-600nm would do) to get

o =122x500x 10°/4=168x 10~/

apertu re
I F
\1/ ‘1 cm
-
/l\/\#\focal

plane

(b)
size of CCD chip: tm

size of image in focal planeS = F6, whereF is telescope focal length, adds angular size
of object.

= 6 = angular field of view= S/F
f/15= F/D =15= F = 15D = 60m

Henced = 0.01m/60m = 1.66 x 10-“*radians

(c) Cassegrain telescope has 2 mirrors, primary and segondgpical mirror efficiency is
approx 0.65 (from notes). Hence Telescope efficieacprimary X Tsecondary™ 0.65% = 0.42.

Telescope + Detector efficiency is thedPx detector quantum efficiency 0.42 x 0.6 Hence
overall efficiency~ 25, i.e. 25%.

NB: since none of the numerical values for T were given, reable values (between say 50%
and 100%) for telescope reflectivity are acceptable, thamnghshould be able to work out T using
the examples given in lecture notes.

(d)
Mjim = 6 — 5109;,8 + 5l0g;, D(Mm)

assuming fully adapted pupil to hadge = 8mm. So

Mjim = 6 — 5l0g;48 + 5l0g;(,4000= 19.5

6.29 A 50 cm space telescope in near Earth orbit is equipped witteg fientred at 200 nm, with a passband which
is 2 nm wide. The combined transmission efficiency of telpsaand filter is 1%. It is used to observe a star at
a distance of 15pc. At a wavelength of 200nm, the star’s fipéaminosity (luminosity per unit wavelength) is
approximately 7x 1072 Watts nnT1. How many photons per second from the star will be transthittethe
telescope and filter? [8]
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Solution: Total power in 2 nm passband at 200 nm.sp0 = 7 x 107% x 2 nm = 14 x 10?3 W.
Energy Flux received at Earth/Telescopé s/ (47d?) = 5.2 x 10714W m—2

Power at telescope apertuge5.2 x 107 x 7 x (D/2)? = 1.0 x 10014 W
Photon energy = hc/A = 9.9 x 1071° Joules
Number ofphotonsper second at telescope aperture & 10~ 1*Watts/9.9 x 10~1%Joules=

1.0 x 10* photons sect
So total number of photons per second transmite@01 x 1.0 x 10* = 100

6.30 A Newtonian telescope has a primary mirror of diameter 12 etdreasecondary flat. Each of these has a reflection
efficiency of 0.70. Attached to the telescope is an eyepidttetransmission efficiency of 30%. The telescope
is pointed at a star which gives a flux of visible light at Eati 014w m—2.

(a) what is the combined efficiency of this system?

(b) estimate how many photons per second will be (i) cole:biethe telescope primary and (ii) transmitted by
the telescope and eyepiece combined.

Clearly state any assumptions that you make [6]

Solution: (a) combined efficiency ¥0.70)? x 0.30 = 0.15
(b) Energy/s at primary = Flux at Earth area of primary

1.0 x 10 x 7 x (d/2)? = 1.13 x 107*® Watts

Assume that typical wavelength of a visible photon is 550noi€, anything between 500 and
600nm is acceptable). Then energy per photdrcs = 3.62 x 10-1°Joules. Hence, number of
photons/s at primary given by

1.13 x 10716/3.62 x 1071° = 312 photongs

So, transmitted photon rate = 3%20.15 = 46.8 photons/s.

6.31 The globular cluster M13 is at a distance of 7.20 kpc, and hasasured angular size at Earth of 16.6 arcseconds.
The energy flux received from M13 at the top of the Earth’s aphere is 215 x 1010w m=2,

(@) What is the diameter of M13 in light years?
(b) Assuming that M13 is spherical, what is thaid angleit subtends at Earth?

(c) Assuming that M13 is made up of stars all of approximaseljar luminosity, calculate how many stars
M13 contains.

(10]
Solution: Angular extent of M13 in radians =@5 x 10~° radians
Diameter of M13 in pc is given by.Z0 x 10° x 8.05 x 10~° = 0.58 pc
Diameter of M13 in light years is 1.89 ly
Solid angle subtended by M137= x (8.05 x 107°)2 = 2.04 x 1078 sterad.
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Total luminosity of M13 isF x 47 d? whered is distance (m) to M13. Sh = 2.45x 10710 x
4 x (7.20 x 3.086 x 10'%)? = 1.52 x 103 W

Solar luminosity = 3326 x 10°® W, so the luminosity of this globular cluster could be pr@dd
by 3.98 x 10° solar-type stars.

6.32 To make a reliable measurement of a faint stellar spectra] It is necessary to have a detected signal-to-noise
ratio (SNR) of 10. Using a particular telescope and detemtarbination, and an integration time of 10s leads
to a SNR of 5. How long an integration time is necessary toeaehihe required SNR value?

Updates to the optics in the telescope resultin an imprdvexdighput, such that the total transmission efficiency
increases by a factor 2. With this new system, how long amgiat®n time, for the same star, will give the
required SNR of 10? [6]

Solution: For the 5s integration, let there b events detected in total. The SNRy&N; = 5.
Desired SNR /N, = 10. The total number of events detected in the integratioe ts

Ni=FxAxTx Aty xn

whereF = photon number flux arriving at telescop&,= telescope aperturd, = transmission
efficiency andj is detector quantum efficiency, and; is the integration time. So, in the case that
only the integration time is varied we have

SNRy/SNR, = /N1 //Nz = 5/10 = (At /Atp)*/?

Therefore an integration time at, = 4At; = 40 s is required. With the system changed so that
the throughput is doubled, we have

SNRy/SNR; = /N1//No = 5/10 = (T1 At/ To Aty) Y2
We know thatT, = 2T, which requiresAt, = 2At; = 20 s.

6.33 A spectrometer has a reciprocal linear dispersion (RLDPoA&im 1. Itis used to record the spectrum of a star
with an estimated recessional velocity of 50 kmts Calculate the displacement of the recorded lines relative
to a laboratory reference spectrum in the wavelength regiionnd 5000 A. [5]

Solution: Using
AL/ =v/C

we find Ax = 0.83A. With a RLD of 20 Anm 1, this corresponds to a displacement @320 =
0.042 mm

6.34 (a) Describe the principal components of a photo-electimameter (optics and electronics). [6]

(b) A star provides a flux of 1018w m~2 per A bandpass in the spectral region around 500 nm and is
observed with a telescope of 1m diameter. The telescope trassmission efficiency of 60% and the
detector a quantum efficiency of 25%. A filter limits the baastpto 10 A. Estimate the photoelectron
count rate from the system [7]

(c) Assuming that the limiting noise on photometry is phoot noise, calculate the integration time
necessary to obtain measurements which are reproducitlel $6. [4]

Solution:
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(@)

(b)

(©

Diagram from notes, but components which must be indade: photocathode (liberation
of photo-electrons), at -ve potential with respect to setlyriodes (for amplification of

signal - shower of 3-4 electrons out per electron in); An@d@nected to d.c. amplifier, and
electronic data recorder (computer).

Multiplying power per unit area per unit wavelength biggeope primary area and passband
gives total power entering telescope aperture

10 x 7 x 0.5 x 10 = 7.8 x 10w

Energy per photon froma = hc/A = 4.0 x 1071°J. Then number of photons/s arriving =
7.8 x 10716/4.0 x 1071° = 2.0 x 10° photons per second.

Transmission efficiency quantum efficiency = ® x 0.25 = 0.15 therefore photo-electron
count rate = 2x 10° x 0.15 = 300 counts/s.

To have results reproducible #61%, need ratio of noise to signal to ke0.01.

N/S=1//S< 001

Therefore,S > 100 = 10*. At 300 counts/s, this would take a minimum of 33 seconds to
accumulate.

6.35

Describe, with the aid of diagrams where necessary, theiptéhnand operation of a charge-coupled device
(CCD). In your answer, you should address both the way in kvpfotons are recorded by the CCD , and also
the process of CCD readout. [8]

With the aid of a diagram, argue that the angular resolvinggg®f a telescope of diametér is

1.22,
Ao = ——
D
where is the wavelength at which the observations are made. [4]

A star is observed with a 50cm diameter space telescope @Gt #2 the focal plane is a CCD with pixels
that are 5 microns on a side. Estimate the diameter in CCDgdfehe image of the first minimum (dark ring)
in the diffraction pattern around the star. Assume that taealength of observation is 500nm. [5]

Solution: no solution available

6.36

Modern astronomical research telescopes are increasmglgmenting adaptive optics systems. Describe the
purpose of an adaptive optics system and the way that it Wgdis may omit details of the wavefront sensor).
Your answer should include an appropriate diagram. [9]

A star provides a flux at Earth of 185Wm=2. It is observed with a 2m telescope with a total transmis-
sion efficiency of 0.5. The output is fed to a photo-electeétettor of quantum efficiency 0.5. For how long
must the star be observed to obtain a signal-to-noise r&t8®® Assume that the observation is made at a
wavelength of 500nm. [7]

It is decided to try repeating the observation with a phdémteic detector with a higher quantum efficiency
and work-function of 5eV. Why is this modification doomed &il? [1]

Solution: no solution available
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6.37% A 20 mm-wide diffraction grating has ruling of 1000 lines pam, and a reciprocal linear dispersion of 0.3
nm per mm. What is the spectral resolving power of this ggatised insecond orde? What would be the
seperation in mm at the detector plane of a just-resolvectigpdine pair centred at 589nm? [5]

Solution: no solution available

6.38 Draw a diagram of a grating spectrometer, labelling eachpmoant, and giving a brief description of its purpose. [9]

By considering light passing through a transmission ggashow that the reciprocal linear dispersion (RLD) of
a grating spectrometer working in second order is given by

d cosd
2F

RLD =

whered is the spacing of the slits on the gratimgis the angle (with respect to the optic axis) at which the slit
image is formed, ané& is the focal length of the imaging lens or mirror. [6]

A 1cm-wide diffraction grating is ruled such that the spacbetween rulings is T m. What is the spec-
tral resolving power of this grating usedsecond ordeand what is the minimum velocity signal that could be
detected using this grating to view th#x line? [2]

[ Data: Wavelength oHo = 6563 nm ]

Solution: no solution available

6.39 Sketch the optical layout of (i) a Newtonian telescope aind (Cassegrain telescope, drawing also the light path
through the system of parallel rays incident at the prim&igcuss one possible advantage and one disadvan-
tage ofeitherof these types of telescope over the prime focus design, whenhfor imaging faint, distant galaxies. [6]

A 1m f/5 telescope is to be used to image the galaxy NGC 4414chniinas a diameter of 17 kiloparsecs,
and is at a distance of 19 megaparsecs. Imaging in the foaaeps done by means of a CCD with pixels
measuring bm on a side. Approximately how many pixels across is the imdglkeogalaxy? [5]
NGC 4414 has an absolute visual magnitudeMyf = —21.3. Estimate (i) the total number of counts per
second registered by a CCD attached to the telescope dedefitove, and (i) the signal-to-noise ratio on a 10
second-long observation. Assume that the mean wavelefiightdetected is 550 nm, and that the combined
transmission efficiency of the telescope optics is 0.3 aad@D quantum efficiency is 0.75. [6]
[ Data: Solar absolute visual magnitudédy, = +4.8.

Solar visual band luminosity,\y = 3.62 x 1076W ]

Solution: no solution available

6.4Q Briefly describe the physical reasoning behind Rayleigtiteigon, which states that the angular resolution of a
telescope is given by

122,
a=——,
D
wherea is the wavelength of the radiation, aflis the diameter of the telescope used. Calculate the angular
resolution, in degrees, of a microwave telescope of dian®tem, operating at frequency of fHz. [5]

Solution: no solution available
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6.4 Sketch the optical layout of a Cassegrain telescope, slyothia light path, labelling the important parts and
describing their purpose. [4]

A 50cm Cassegrain telescope with focal lengtim & used for planetary imaging, together with a CCD in
the focal plane. The CCD pixel size is &fn x 10um. Calculate the diameter in CCD pixel of the image of
Jupiter formed on the CCD, at a time when Jupiter’s distarm® Earth is 780 million km. Jupiter's diameter
is 1.43 x 10 m. [5]

Jupiter’s rotation period is 0.414 days. A spectrometenwaiteciprocal linear dispersion (RLD) of 15 nm mh

is used to detect and record a spectral line ob@©Om Jupiter. The line has a rest wavelength of ath. The
spectrometer slit is placed first over tlpproaching’ side of the planet, and then over thmeceding’ side.
Assuming that the planet is being viewed equator-on, caledhe distance between the two positions of the line
on the spectrometer detector. [5]

Low frequency radio emission emitted by Jupiter’s atmosplteto be detected with an interferometer composed
of two 10m diameter dishes, each receiving at 300 MHz. If the antennas in the interferometer are 300m
apart, what is the angular resolutionarcsecondsvith which this emission will be observed? [3]

Solution: no solution available

6.42. What is meant by aatmospheric windo® What are the main atmospheric windows, and what preveis go
observations from being made outside of atmospheric wisdgive at least two specific examples)? [4]

Discuss the effect on optical observations of stars of eatfedollowing:

(a) aperture diffraction;
(b) atmospheric scintillation.

Include in your answer a description of the physical reasotthfe effects. You may illustrate your answer with
a diagram. [5]

Sketch a diagram for a telescop@aptiveoptics system, labelling the important components. Dbsasihat it is
used for, the steps in the adaptive optics correction loog discuss the important limiting factors in designing
such a system for ground-based optical astronomy. [8]

Solution: no solution available

6.43 With the aid of a diagram, demonstrate that the magnificatigrof a refracting telescope is given by

_Fo

m=—,
Fe

where Fo and Fg are the focal lengths of objective lens and eyepiece lersectisely. State clearly any
approximations that you make. [5]

Solution: no solution available
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7 Cosmology
7.1e State Hubble's law for the expansion of the Universe. A galaxobserved to have a redshift of 0.03. Estimate
its distance in Mpc given a Hubble constant of 70 km &pc—1. [5]
Solution:
v=Hd

wherev is the velocity of the receding object and d is the distanomfthe object.

If z=0.03 wecan say% =0.03

or 0.03=ﬂd or d:ﬁ)’c
c H

with H =65kms*Mpc! and c=3x 10°kms*
0.03
we have d = %3 x 10° Mpc ~ 1.3 x 103 x 10° = 130 Mpc

7.2= Explain what is meant by the teroosmological dark matterWhat evidence is there for the existence of such
matter? [5]

Solution: Dark matter is matter which is not itself luminous, but whisimevertheless implied to
be present in the Universe. Evidence: rotation curves @gd indicate more matter is present
than just luminous stars; clusters of galaxies appear todo@d together by gravity, but have
velocity dispersions which would imply them to be gravibatally unbound if they consisted only
of luminous matter.

7.3 Describe what is meant by standard candlemethod for the determination of a distances in the Universe.
Describe how th@eriod-luminosityaw as obtained from studies of Cepheid variable stars id tzsdetermine
distances. [5]

Solution: ‘Standard candle’ method assumes that certain types oftoh@ve equal luminosity.
Measurements of apparent brightness lead to distance neeasa the inverse square law. Mag-
ellanic Cloud studies revealed a relationship betweeroder variability and apparent brightness
for Cepheid variables. All objects in the LMC can be assunodokt at the same distance, which
implies a period luminosity law. Period determinations nzam be used to estimate luminosity
and from the apparent brightness, distance can be inferred.

7.4 State three observational facts that support the hot big baodel. What is meant by the term recombination? [5]

Solution: CMBR, recession of galaxies, abundance of He and H, (antdigments). Recombina-
tion took place in the early Univerge~ 1 000 whenT had dropped sufficiently for (re)combination
of e~ and p from neutral hydrogen.

7.% State two main features for each of the following:

(a) spiral galaxies
(b) elliptical galaxies
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(c) quasars. [5]
Solution:
(a) Spiral arms, stars and dust in disc

(b) Elliptical, fairly massive, no dust

(c) quasars, high redshift, extremely luminous, broad simislines, point-like.

7.6 Elliptical galaxies are characterised am'Evheren = 10(1 — b/a) anda andb are the major and minor axes
of the ellipse as seen on the sky. Calculate the kgtiofor elliptical galaxies described as EO, E3 and E7, and
sketch approximately to scale the appearance of such galaxi

Solution:

EO=1-b/a=0&b/a=1
E3=1-b/a=03«b/a=0.7
E7=1-b/a=07«b/a=0.3

EO E3

er D

7.7 The rotation curve of a typical spiral galaxy can be appratad as shown in the diagram below.

\ v(kms1)

250 t

\

r (kpo
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Herev is the speed of rotation of matter about the centre of thexggssuming circular motion), ardis the
distance from the centre. From the graph, calculate thegefirotation of stars situated at 1 kpc, 10 kpc and 20
kpc from the centre of this galaxy. Express your answers amg/eSuppose that the visible extent of the galaxy
is 15 kpc in radius. What type of observations can be usedtemexhe rotation curve beyond the visible extent
of the galaxy? Briefly comment on what conclusions can be diavout the distribution and extent of matter in
the galaxy from the shape of the rotation curve. (| yea.16 x 10 s)

Solution: At r = 1kpc the rotation velocity is = 250 km s, so the rotation period?, is

2nr 2x 7w x (3.086 x 10 m)
v 25x1Pmst
= 7.756 x 10*s = 2.45 x 10" yrs

P=

Atr = 10kpc,v = 250kms? — P = 2.45x 1CPyrs
Atr = 20kpc,v = 250km st — P =4.90 x 1Pyrs

Observations of neutral hydrogen emission (21 cm line) ioreelescopes can extend the rotation
curve beyond the visible extent of the galaxy. If the graingamatter consisted only of the visible
stars (i.e., assuming the mass of the exterior hydrogersltube negligible) then we expect to
find v(r) o r~%2. Since wedon't see this, but instead we findr) = constant to large radii,
this is generally explained by supposing that there is a m&asmlo of dark matter surrounding
the galactic disk and extending well beyond the distanchefisible edge of the galaxy. The flat
rotation curve would be explained by a halo which was sphkhicshape.

7.8 Explain what is meant by a rotation curve for a spiral galaxgt how it is measured. [4]

If the Sun is taken to be moving in a keplerian orbit of radikp8 about the centre of our Galaxy with a velocity
of 200 km 571, estimate the mass of the galaxy within the Sun’s orbit

(a) in kilograms {1.3 x 10*1kg}
(b) in solar masses{0.7 x 1011 Mg}

State any assumptions you make. [8]
Sketch the rotation curve of a typical spiral galaxy and axplvhy this could provide evidence for the existence
of dark matter. [8]

Solution: A spiral galaxy rotation curve is plot of rotation speed agtiradial distance from
centre of galaxy. It is measured from e.g. the doppler shiftentral hydrogen regions, or some
other prominent spectral feature, at various distances rentre of the galaxy.

[4 marks]

Assume that the mass in the galaxy is spherically symmefFigus if in circular orbit the
acceleration will be given by?/r.

[2 marks]

This must also equal the gravitational accelerat¥ /r2. Thus we can obtain the mass from

GM 2 rv?
22 o Mm=1
r2 r G

[2 marks]
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Substitute in for velocity and radius in Sl units to obtaingsman kilograms:

rv’ (8 x 10% x (3.09 x 10'%) x (200 x 10%) N
M=T = (6.67 x 10 10) ~13x10%g.

[3 marks]

. . 1
In solar masses this %, or 0.7 x 10,

[1 mark]

Schematically, the rotation curve of a typical spiral gglooks like this:
w (kms™)

250 ¢

10 20
r (kpo

[3 marks]

If only luminous matter were present, and Newtonian gragjpplies, we should expect the
rotation curve instead to behaveigs= GM/r.

[2 marks]

The observed rotation curve does not fall off a&?; one way to explain this is to suppose the
existence of a halo of dark matter outside the luminous galax

[3 marks]

7.9 Broad and strong emission lines at 663 nm, 491 nm and 438 nobaezved in the core of a galaxy. Explain why
these could be interpreted as due @, i3, and H/ emission and estimate the redshift of the galax.01} [4]

Assuming Hubble’s constant to be 70 kmisMpc—1 calculate the distance to the galaxy in Mgé6.2Mpc}  [4]
Calculate the optical luminosity of the galaxy if its optifiax is 1071w m=2. {2.2 x 1038w} [4]

Assuming that this luminosity is produced primarily by tleeetion of matter onto a central supermassive black
hole, find a lower limit on the mass accreted per ygar2 Mg} [4]

(You may assume &lis observed in laboratory at 656hm)

Solution: Redshift: Ha is observed in laboratory at 656.3 nm. This corresponds 19 3 to
n = 2 transitions in the hydrogen atom. The energy associatétthis transition is 18(5 — 3)
eV, where the ionisation potential of hydrogen is 13.6 eV.

The energies associated with thé th = 4ton = 2) and H/ (n = 5ton = 2) are 136(z — )
eV and 136(3; — ) €V respectively. Sinc& = hv = hc/A, the wavelengths are in the ratio

N
Rl

Ao

— = = 1.35.
Ag

Rl
K=
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Similarly, A, /A, = 1.512. Since all these lines would be redshifted by the sameatee should
expect if the emission was from a galaxy for the same ratid®td. Now the ratios observed are

5% = 1.35 and822 = 1.514 which is in agreement, if one allows a small observatienar.

Distance: The redshift is given by

)\observed_ 663 _
Mab 6563

Thus the redshift ig = 0.01. Use Hubble’s law to obtain distance. Thus- Hd, orz= Hd/c,
and we obtain a distance of
cz_ 3x 10°kms?! x 0.01

d=— = = 429 Mpc.
H 70km st Mpct P

1+z= 101

Luminosity: This is given by 4d?F, whereF = 10-1*W m~2. Convert parsecs to metres by
1pc= 3.1 x 10**m, and substitute to obtain = 2.2 x 1038 W.

Mass accreted onto black holeif all the mass accreted were transformed to eneyy-(mc?)
mass accretion rate would have to be
2.2 x 10°%8wW

1 —1
Bx IPmsip = 144x 10" kgs ™.

Thus mass accreted during a year would be abgit & 107! x 3 x 10" ~ 4 x 10?8kg, or 0.02
solar masses. However the efficiency of conversion is onbyiab0 % , so this is a lower limit.

7.10 Describe two methods for obtaining a distance estimate f@axy whose approximate distance is 20 Mpc.  [4]
The period mean luminosity relation for cepheid variablpyation | stars is given approximately by

M = —2.6 — 3.8logyo P,

whereM is the absolute magnitude aithe period in days. A cepheid star is observed in a neighbguri
galaxy to have a period of 20 days, and an apparent magnifub® &Vhat is the distance to the neighbouring
galaxy? {2 Mpc} [8]
Assuming that the error bar on the constant tersa02, but the value of 3.8 is exact, what are the error bars on
the distance? {+0.2Mpc} [4]

Solution: Use e.g. supernova method, Tully-Fisher relation betwetation velocity dispersion
and luminosity (see notes), or even cepheid variable peniedn luminosity relation. Substitute
into the relation

M = —2.6 — 3.8log,, P.

For P = 20 we find that the absolute magnitudeMs= —2.6 — 3.810g,,20 = —7.5. Now use

Pogson’s equatiom — M = 5log;,r — 5 to obtainr, wherer is in parsecs.

m-M+5 19— (-75+5 315
5 B 5 5

logyor = 6.3.

Thusr = 2.0 x 10° parsecs or 2Mpc.

Errors on distance: Upper limit on absolute magnitude is now7.7, and lower is—7.3.
Corresponding distances will be given by

m-M+5 19— (-7.7)+5

= 6.34,
5 5

log,or =
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andr = 2.19Mpc and lower limit

m-M+5 19-(-73)+5
5 B 5

andr = 1.82Mpc. Thus error bar ig0.2 Mpc.

log;or = = 6.26,

7.11 Assuming that a supercluster of galaxies contains arout@isiflar masses, and the average separation of super-
clusters is 100 Mpc, estimate the mean mass density of theetési, and compare this withh = 3H02/(8nG).

Describe some of the difficulties involved in determining thean mass density of the Universe. (Take=
70km s Mpc1)

Solution: Average separation of superclustets100 Mpc = 10° Mpc. So, typically we have
one supercluster in a cubic volume offMpc3 (imagine a cube of side 100 Mpc centered on each
supercluster).

mean mass densine L0 Mo _ 10" x 1.989x 10%*kg
¥ 10 Mpc®  10° x (3.086 x 10723 m?

= 6.77 x 10 kgm3

3H¢
Compare withogit = —=
p I‘wCrlt 8]'[G
2
70x103
3x |:(3.08(>-3<x1022)]

~ 87 x 6.673x 10-11
=92x 102" kgm3

i.e. mean supercluster mass densit\critical density.

Determining the mean mass density is difficult since we muodtriiethods which take account
of the dark matter, which we cannot see directly, such axgatzgation curves, virial theorem in
galaxy clusters, gravitational lensing. We cannot simplgl ap the mass of the visible galaxies.
Many of these indirect methods involve making assumptions.g-—assuming an isotropic cluster
when applying the virial theorem, since we only measureatadilocities — which are difficult to
check.

7.12 Verify that the energy equation of Newtonian cosmology,tfar case of critical density, can be written in the
form

d ~ R

HereM is the constant mass inside a sphere of galaxies of rd&liuich expands with the Universe.

dR (ZGM>1/2

Show by integration, using the big bang conditigr= 0 att = 0, that the present age of the Universe, for the

case of critical density, is
2

BECR

whereH is the present value of Hubble’s constant defined by
dR
dat —

t

HR.
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Solution: From Newtonian derivation of Friedmann equation, for axxalaf massm,
1 (d_R>2 L GMm_

2 dt R
Puttingk = O gives the required result. Rearranging

2GM)Y?dt = RY2dR
Integrating,

(2GM)Y2t = §R3/2 +C
ButR — O ast — 0, soC = 0. Also

1dR (2GM)¥2 N 2
~ Rdt  R¥2 - 3H
7.13 Describe the origin of the cosmic background radiation (§Mecording to the hot big bang model. [4]
Explain the significance of the anisotropies observed inctte@nic background radiation for the subsequent
formation of large scale structures in the Universe. [3]

The scale factoiRk(t), in a big bang cosmological model is given as a function ofdosime,t, by R(t) = at2/3,
wherea is a constant. Explain why in this model the matter densityhefearly Universe would have been
extremely high. [2]

Assuming that the energy density, of the CMB radiation varies a@(t)*“, calculate the redshift, at which
recombination took place, taking the present day temperatiithe CMB to be 3K. Taking the present age of
the Universe to be.5 x 100 years, calculate the time at which recombination took plg¥eu may assume
that recombination took place at a temperature of 3000 K.) [8]

Solution: Initial density of the Universe was very high. Initial tenmpire was very high.
Expansion— cooling. CMB formed at the time of recombination (i.e. whée temperature
was around 3000 K.)

Although the CMB is highly isotropic, anisotropic (otheathdipole) would have been necessary
for the condensation of galaxies and cosmic structure.

Assumingp R® = constant, it is clear that « R™2 or p o« E72. Ast — 0, p — 0.
Takingu oc R(t)~* we haveaT* o« R™* = T o =. This implies

T
== & =1+ Zpeo,
To Rrec

3000
Thus 14 Zec = 3 or z~100Q

Now for time of recombination we have
Trec I'-\’O t0 23
To  Rec (T)
(%) ot (320)
. trec B TO ree 3 0

3/2
) ~ 4.7 x 10 year.

and treC = 1.5 X 1010 X -
3000
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7.14 State Hubble's law for the expansion of the Universe. Theealf the Hubble constant is still somewhat
uncertain. What reasons are there for this?

The distanced(t), between any comoving galaxies at any cosmic titmés given byd(t) = R(t)/Rg x do,
wheredg is the distance at the present epochR{f) = Ry (t/tg)%/3 , show that Hubble’s constant is given by
Ho = %0.

If the mean distance between superclusters of galaxiey ie@® Mpc, what was the mean distance at redshift
timet = tg/8? What is the redshift corresponding to this time?

Solution:
v = Hd
v is radial velocity, d is distance.

Precise distance measurements of galaxies are very diffiguibble’s constant i&/R with
2
t §
R=Ro (i)

dR Ry 2
we have — = ———t71/3
dt t§/33

1dR 2Ry, 45 t° 2

Rdt ~ 3¢5 Rt?? 3t

and

At the present time
1dR 2

Rdt 3ty
If the mean distance today is 20 Mpcdy = 20,

t to\?® dy 20
d —0 :do —O :—02—25,
8 8to 4~ 4

. Mean distance wa& = 5Mpc

0,

Redshift of :
R(t
1+z= (f(’)) =81 =4
R(3)
z=3.
7.15% What is meant by the terms
(a) galaxy cluster
(b) supercluster? [4]
Explain what is meant by the critical matter density. [5]

An average supercluster contains abodt’l€blar masses. Taking the mean separation between supersits
be about 100 Mpc, estimate the mass density of the Univerkg in—3. Henceestimatethe value for the ratio
of matter density to the critical mass densiyy, [6]

State two observational facts that indicate the presensggoificant amounts of dark matter in the Universe.  [2]
[ You may assume thaigrit = 3HZ/(87G), Ho = 70kms Mpc™ |

Solution:

(a) A galaxy cluster is a group of galaxies. The Milky Way bes to the local group.
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(b) A supercluster is a cluster of galaxy clusters.

Critical density determines whether the Universe is opamofl closed. In the first two cases,
there is indefinite expansion, in the third case, there iapsé.

Matter in supercluster 2 x 10'° x 10°%kg

2 x 10%
Matter density~~ ~7x10%®kgm3
Y= d00x31x1023 ~ '~ g
- 3H
Pcrit = 872G
3 (70x10°\° 1
87 \31x102) 7x101
~ 8.69 x 10 %" kgm3
0 7 x 10729
Thus - =Q=—"""__~00
Ocrit 8.69 x 10-27 L

Rotational curves of galaxies: velocity dispersion wittlimsters, (and globular clusters), would
mean these systems were unbound if there were no dark matter.

7.16 In a big bang model the scale factrt) is given byR(t) = Rot2/3.

(a) Ifthe average distance between galaxy clusters is ndv2Q what would it have been when the Universe
was half its present age?

(b) show that Hubble’s constant in this model is givenHby= 3% What is the age of the Universe with a
Hubble constant of 70 kntd Mpc—1?

(c) Evaluate the critical density at the present epoch rgikiat

2
Pc = —3H0
8nG’

The matter density in the Universe varies as

and the energy density of radiation as

u (Ro 4
up \R/’
Sketchp/pg, U/ug andu/p as a function of time.

(d) Will there be a time in the Universe’s past when the réaoliaeénergy density was greater than the matter
density? If so, how would you go about calculating it?

Assume that the present matter density (including darkenai 0.2 of the critical density. Hence the
present ratio of radiation to matter density is about4.0
Hint: The energy density of blackbody radiation is giveruby: aT4wherea = 7.57x 1016 gm=—3 K4

hence the energy density of the radiation is givenuby:= 7.57 x 10~ 16(3K)4Jm 3K~ or about
6 x 107153 m3 (You need to convert this to kgm?).

(e) what was the age of the Universe at recombination, iftdo& place aff = 3000 K? Was this before
radiation became dominant or after in the life of the Unie€rs
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Questions:
How does2 vary with cosmic time this model?
Do you believe in the big bang?

For the very keen If the scale factor was given bR(t) = Rpt%*, wherea > 0, how would the above cal-
culation differ?

Solution: In a big bang model the scale factart) is given byR(t) = Ryt%3.

(a) The scale factor gives the separation of ‘comoving’ifi@ving with the universal expansion)

galaxies. Thus
dty t23 [\ [1)\?3
dit) 7% (6) B (§>

Hence average distance was 20 Mp0.629= 1257 Mpc.

, P _ R ;
(b) Hubble’s constant is given byl = RO In this model

R ARt 2
T R(t) RptZ3  3t’

(Note that Hubble’s ‘constant’ changes with cosmic timehleBge of the Universe in this
model is given byt = = withHo = 50 km s Mpc~2. Now expressingo in terms of s*
we getHp = 70 x 10°ms ™t x (3 x 10 x 10°m)~* = 2.33 x 10 1851, Substituting into
the equation yields the age of the Universe &210's.

(c) Substitute valueG = 6.7 x 100N kg=?m~2 and the above value dfly = 2.21 x
2
1078s tinto p. = gﬂig to obtain 34 x 10727
Sketch!!!

(d) There will evidently be a time in the Universe’s past wities radiation energy density was
greater than the matter density singg varies as 1R.

Assume that the present matter density (including darkemyag 0.2 of the critical density.
Hence the present ratio of radiation to matter density isiah6~*. The energy density of
blackbody radiation is given by = aT* wherea = 7.57 x 107 18Jm 3K~ hence the
energy densityf the radiation is given by = 7.57 x 10715(3K)*Jm3 K ~* or about 6x
10~Jm 3. Convert to kg m® by dividing byc? to yield 6x 107153 m3/(3x 1B ms1)?
to give about 7 10-32kgm~3.

Compare this with @ x p to give ratio of about 5 107>,
(e) Sinceu behaves aR—* and for blackbody radiation = aT#, T must behave as/R. Hence

scale factor must have changed by factt® B00 and you can work out the time. This must
have taken place after matter domination.

7.17% State how an Sa and Sc spiral galaxy differ in appearanche Hpparent major and minor axes of an elliptical
galaxy subtend angles of 0.5 arcmin and 0.2 arcmin resgdgtivhat is the Hubble classification of this galaxy? [5]

Solution: Sa spiral: large nucleus, tightly wound spiral arms. Scpsmall nucleus, wide open
spiral armsb/a = 0.2/0.5 = 0.4 = 10(1 — b/a) = 6. The galaxy is, therefore, classified as E6
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7.18

Explain what is meant by theosmological principle Give two pieces of observational evidence which support
the validity of the cosmological principle. [5]

Solution: The cosmological principle states that the Universe isogat — i.e. looks the same in
all directions — and homogeneous — i.e. looks the same absiigns. Two pieces of evidence:
isotropy of the CMBR; absence of galaxy clustering on vergdascales.

7.12 Explain how HST observations of Cepheid variables in ottaaxges significantly improved estimates of the

Hubble constantHg. [5]
Give two reasons why type la supernovae (SN la) are usefudlatd candles for measuring extragalactic dis-
tances. [2]

A SNla, SN1998a, is observed to have a B band apparent mdgrétumaximum light omg(max = 10.3.
Cepheid observations in the SNIa host galaxy give an estondistance modulus for the galaxyof= 30.0.
What is the estimated distance of the galaxy, in Mpc? Whdtdsestimated B band absolute magnitude of the
SNla at maximum light? [5]

From a sample of distant SNla the following relation is folmetweenmg (max) and the recession velocity,
in kms—1, of the host galaxies:
mg(max) = 5log;gv — 3.6
By substituting Hubble’s Law into the above relation, obtan estimate oflg from the apparent magnitude and
estimated distance of SN1998a. [5]

Solution:

HST Cepheid observations have extended the use of prinmistgnde indicators to about
20 Mpc, i.e. beyond the Local Supercluster. This means tsaptimary distance scale is
now linked directly to secondary indicators, such as théyTrikher relation or those based
on elliptical galaxies in rich clusters of galaxies (e.grgd). These in turn link to galaxies
at sufficient distance that peculiar velocities may be igdorPreviously, three steps on the
cosmic distance ladder were required for this: 1) LMC to Ldgsup; 2) Local Group to
nearby clusters and field galaxies; 3) nearby clusters aladfidaxies to distant clusters and
field galaxies. HST has replaced steps 1) and 2) with a sitge s

SN la are useful standard candles since they have a veigweainge of absolute magnitude
at maximum light and they are observable to very large digtan

From distance modulus formula,= 5log;,r + 25, where the distanaeis in Mpc. Rear-
ranging, logy,r = 0.2(x—25) = 1. Thusy = 10 Mpc. Also,u = mg(max) —Mg(max =
Mg(max) = 10.3 - 30.0 = —-197

Hubble’s law states that = Hgr. It follows that
mg(max) = 5log;q Ho + 5log;or — 3.6
and

log;o Ho = 0.2(mg(max) — 5log;or + 3.6) = 1.78 = Ho = 60.3km s Mpc™?

7.20

A cluster containing 1000 galaxies has a characteristiusaaf 10 Mpc and an r.m.s. radial peculiar velocity
of 1000 km s'1 at this radius from the centre of the cluster. Using the fdengiven in the lectures, calculate a
virial estimate of the mass of the cluster, expressing yoanar in solar masses.

If the average number of stars per galaxy id4@nd the average stellar mass is approximately one sola, mas
calculate the mass of the cluster in the form of stars. Conmeyour answer.
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Solution: Virial mass,M = %j andR = 10 Mpc and< v? >/2= 1000 km st, (NB. formula
includes an extra factor of 3 becausey? > is only radialcomponent).

M — 6 x (1000x 10002 x 10 x 3.086 x 10?2 K
= 6.673x 10 11 g
= 2.775x 10*®kg

_ (2775 x 10N
=1.395x 10** M,

luminous mass= (average stellar maps (average no. of stars per galaxy (no. of galaxies
=1 x 10'*° x 1000= 10"*M,,

=

Since luminous mas& virial mass this provides evidence for dark matter in clisste

7.21 State two properties which a gostandard candladistance indicator should possess. Give an example of a
standard candle distance indicator used to measure gastances beyond the Local Group. [4]

The period mean luminosity relations for Cepheid variableébeV and| wavelength bands are given approx-
imately by
My = —2.76 log;g P — 1.40

and M| = —3.06log;gP —1.81

where P is the period of the Cepheid in days, aMi, and M| are itsV band andl band mean absolute
magnitudes respectively. A Cepheid is observed in a digialatxy to have a period of 35 days, and a mgan
band and band apparent magnitudesrof, = 24.9 andm; = 23.6 respectively. Estimate the distance of the
galaxy using first th& band and then the band Cepheid relation. [12]

Suggest an explanation why theeband and band distance estimates are different. 4]

Solution: A good standard candle distance indicator should have d dispérsion in luminosity
(absolute magnitude) and be easily observable to largandiss. [2]

An example of a standard candle used beyond the Local Groypesa supernovae or brightest
cluster elliptical galaxies. 2]

P = 35days=> log,, P = 1.544
From the Cepheid PL relations :-

M, = —2.76 x 1.544— 1.40 = —5.66 [4]
M; = —3.06 x 1.544— 1.81 = —6.53

Combining with the observed apparent magnitudes

Wy = my — My [4]
=249 — (—5.66)
= 30.56
= 5log;,d + 25
= log;od = 0.2 x (30.56 — 25)
& dy =129 Mpc
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w=m — M, [4]
= 236 — (—6.53) = 30.13
= 5log;,d + 35
= log,,d = 0.2 x (30.13 — 25)
& d = 10.6 Mpc

The V band distance estimate is larger than the | band egtinTdtis could be due to the effects
of extinction, which will be greater in V than in I, making ti@epheid appear dimmer (and thus
apparently more distant) than it actually is. [4]

7.22 Explain what is meant by saying that the Universedamogeneouandisotropic. Above what approximate scale
do galaxy redshift surveys begin to display homogeneityisotiopy? [4]

Write down the relation between theoper distancer (t), andcomoving separatiars, of two galaxies at time,
in terms of the scale factoR(t). Show how this relation implies a linear Hubble law betwesgession velocity
and proper distance. [4]

In a critical density Universe the time evolution of the scictor is described bR(t) = Ry(t/tg)%/3 (where
the subscript ‘0’ denotes the present day value). Show liigetuation implies that the Hubble constatg,
and the present age of a critical density Univetggare related byHg = %tg 1 [5]
Show that the following relation holds between redshifttime for a critical density Universe = (t/to)*2/3—1. [3]

At what redshift would a galaxy be observed if its light wasitted when the Universe was one tenth of its
current age? What was the value of the scale factor at thishepoterms of its current value? [4]

Solution:

« Homogeneous means that the Universe appears to be ebgehtasame everywhere;
isotropic means that the Universe appears to be esseikialsame in all directions. Galaxy
redshift surveys begin to display homogeneity and isotedqmwe a scale of about 10 000 ks

rt) = R()s
Differentiating this equation
dr dR 1dR

which is Hubble’s law. (n.bs is constant= ds/dt = 0)

o H = & — %R0t71/3 1

_ 2 — 24-
RE = “RzE = % HenceHo = 5t

« Rearranging(t/to) %3 = Ry/R(t) = 1+ z. Hencez = (t/tp)%° -1
*t/tpr=0.1=2z2=3.64. Rt)/Ry = (4.64)71 =022

7.23 Explain what is meant by the teroosmological distance ladder

Describe one method of determining the distances of gaadéto 3 Mpc, and another for distances beyond
50 Mpc. Explain why such measurements cannot be consideitsel\tery accurate. [10]
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Solution: Measurement of the distance of progressively more disthjeicts, e.g. Cepheids, in
our galaxy, (use absolute magnitude for Cepheids in othlexigs), identify the type of galaxy
and use to estimate distance of galaxy in distant cluster etc

Out to 3 Mpcuse Cepheids. Period-mean luminosity correlation. Meapariod=> absolute
luminosity. Measure apparent magnitude to yield distanodutus.

Beyond 50 Mpany of, supernova, Tully-Fisher type relationdf — o

Accuracy limited by selection function and natural disjmrs

7.24 What is meant by the epoch of recombination? [2]

Explain why the Cosmic Microwave Background Radiation (OR)Hs observed at the epoch of recombi-
nation. [4]

What type of radiation is the CMBR? Explain why its mean terap@e is inversely proportional to the cosmic
scale factor. [3]

Assume that the current temperature of the CMBR is 3K. If tihBR was emitted at redshift 1000, what
was its approximate mean temperature when it was emitted? [2]

Explain the significance of intrinsic temperature variatidn the CMBR for theories of how the structure
in the Universe formed. [6]

Solution: no solution available

7.25 The cosmological principle relies on two assumptions: hgemeity and isotropy. Outline the observational
evidence which supports these two assumptions. [4]

Suppose that we live in a universe with a Hubble constégt= 75km s IMpc—. Calculate the value of
the Hubble time in years. [5]

In a critical density universe with zero cosmological canstthe scale factor iR(t) = At2/3 whereA is
a constant. Show that this equation implies a current@géthe universe given by

2

o= ——
0 3Hp [6]

Solution: no solution available

7.26: Define the termedshift as used in astronomy. [1]
The Hydra Cluster, at a distance of 120 Mpc, consists of séhemdred galaxies, moving within the cluster,
with speeds that are typically 700 km/s (the velocity disjmer of the cluster).

Calculate the redshift of the cluster, using a Hubble consifi72 km/s/Mpc. [2]
Calculate the additional red or blue shift of a galaxy mowwith the typical internal speed within the cluster. [2]

Solution: no solution available

7.27% Give two examples of standard candles and explain brieflytidy are considered to be good distance indicators. [5]

Solution: no solution available
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7.28 Explain what is meant by theosmological principlend state two pieces of observational evidence which sup-
port it. [4]

In a model universe with zero cosmological constant, Friaaims equation for the evolution of the cosmic
scale factorR(t), may be written as
RZ  87Gp _ k

R 3 R
wherep is the matter density aridis a constant. Show that the case wheee 0 reduces to
dR\? A
dt) ~ R
whereA is a constant, stating clearly any assumptions that you make [5]

Hence show that, in this cas@(t) o t2/3. [4]

A quasar is observed at redshift= 3. Show that, in this model, the light from the quasar was tewhit
when the universe was/&th its present age. [4]

Solution: no solution available

7.22 Describe carefully why measurements of HI 21cm emissiomamffective tool for mapping the spiral structure
of the Milky Way galaxy. [6]

Explain briefly why galaxy rotation curves provide evidefaethe existence of dark matter haloes surrounding
spiral galaxies. [3]

The rotation curve of spiral galaxy NGC 309-G17 flattens dftiat = 210km s1. The inclination of
the galaxy to the line of sight is = 53° and its I-band apparent magnitudents = 12.27. Use the I-band
Tully-Ficher relation

Urot
M| = —7.68lo — ) —4.79
! %o (sini )
to estimate the absolute magnitude, and thus the distamédp@) of NGC 309-G17. [4]

If the recession velocity of NGC 309-G17 is 5175 kmls obtain an estimate of the Hubble constant from
this galaxy, and suggest two reasons why this estimate mayen@liable. [4]

Solution: no solution available

7.3Q The proper distance(t), between two galaxies with constant comoving separasios,given by the equation
r(t) = R(t)-s, whereR(t) is the cosmic scale factor at tirte,Show that this equation implies that an astronomer
in either galaxy would observe Hubble's Law. [5]

Solution: no solution available

7.3 State two properties which a gostindard candlelistance indicator should possess. Two cD elliptical gakx
of V-band apparent magnituade, = 13.2 andmy, = 16.7 respectively are observed in two rich galaxy clusters.
Estimate the ratio of the distance to the two clusters,rgiatny assumptions that you make. [5]

Solution: no solution available

7.32 What is theCosmological Principle®Why do we only apply it to the Universe on the largest scales® Gne
strong piece of evidence that this principle is valid. [6]
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Explain the difference between tltemoving separationd proper distanceo a galaxy in term of the cos-
mic scale factorR(t). Show how a changing scale factor leads to Hubble’s Law, anigdalan expression for
Hubble’s constantH, in terms ofR. [6]

In a flat, matter-dominated, universe the scale factor abmmgth time as
2
R(t) o« t3.
What do we mean when we say a universe is ‘flat'? [2]

Show that in these circumstances the age of the univigyss,related to Hubble’s constant by

2
Ho= —.
0= 3 13]

Solution: no solution available

7.33 What is meant by theotation curveof a spiral galaxy? How might the curve be measured? [4]
How may spiral galaxy rotation curves be used to determiealtstance to the galaxy? 4]

Draw a typical rotation curve for a spiral galaxy and explaow it provides evidence for the existence of
dark matter in the galaxy. [2]

The Sun moves in an approximately circular orbit of radiudkpc around the galactic centre, completing
an orbit every 5 x 108 years. Using this information, estimate the mass of thexyatasolar masses. Care-
fully state all the assumptions you make. [7]

[1kpc~ 2 x 108 AU]

Solution: no solution available

7.34 To within a factor of 10, what is:

() the diameter of our Galaxy in parsecs? [1]
(b) the age of the Universe in years? [1]
(c) Hubble’s constantHo, in km s~ Mpc—1? [1]
(d) temperature of the Cosmic Microwave Background, in iké&lv [1]
(e) the site of the largest galaxy supercluster, in Mpc? [1]

Solution: no solution available

7.35% What is characteristic abo@epheid variablestars? Explain how these stars can be used to measure distg5¢

Solution: no solution available




